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Atrial fibrillation (AF) is a supraventricular tachyarrhythmia characterized by un-
coordinated atrial activation with consequent deterioration of mechanical function.
Affecting an estimated 33 million people worldwide, AF is the most common ar-
rhythmia and is associated with an increased long-term risk of other cardiovas-
cular diseases. Personalized computational modeling provides a novel framework
for integrating and interpreting the combined role of electrophysiology (EP) and
biomechanics (BM) in the development and progression of AF.
Personalized computational finite element models of the left atrium were generated
using a statistics-based segmentation approach applied to high-resolution coronary
computed tomography angiography data capturing the spatial heterogeneity of the
myocardial wall thickness. The complex myofiber architecture in the left atrium
was estimated using an automated algorithm based on local solutions of Laplace’s
equation informed by and compared to anatomical and morphological images. The
influence of a variable transmural microstructure on local activation times was quan-
tified through EP simulations for all patients using individual transmural myofiber
interpolation functions. Minor differences in the maximum local activation times
within patients were observed suggesting a negligible effect. Biaxial mechanical ten-
sion test data of human atrial tissue were reinterpreted using a microstructurally-
based strain-energy function to inform BM inflation experiments. A spatial correla-
tion between mechanical stress pattern and myocardial wall thickness was observed
highlighting the importance of an accurate representations of the atrial geometry.
Finally, an isolated Langendorff perfusion in the left atrium was simulated coupling
EP and BM utilizing a biophysically-based contraction model. This model provides
the first electromechanics (EM) simulation of left atrial contraction including the
spatial heterogeneity of the myocardial wall thickness, the complex myofiber archi-
tecture and model parameters for EP and BM derived from human data coupled
with a biophysically-based active contraction model.
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The human heart - an extraordinary complex and powerful organ - beats ap-
proximately 100000 times a day, 30 million times a year and 2.5 billion times in an
average lifetime [Baillargeon et al., 2014]. Relentlessly contracting, it is capable of
pumping 7000 liters of blood daily, 2.5 million annually and 200 million throughout
an individuals life span [Baillargeon et al., 2014]. Putting these staggering numbers
in perspective, the largest ever built supertanker ‘Seawise Giant’ has a maximum
capacity of 560 million liters, so massive that it was incapable of navigating the En-
glish Channel, the Suez Canal and the Panama Canal. Thus, solely 2 human hearts
could potentially fill the ‘Seawise Giant’ within their lives. Hippocrates, considered
the first physician and founder of modern medicine, described in his ‘Aphorisms’ re-
current syncope in otherwise healthy individuals [Lu¨deritz, 2009], which might have
been the first description of electrophysiology (EP) as early as in the 4th century
15
1.1. CARDIAC ANATOMY 16
Figure 1.1: (A) Cardiac anatomy and blood circulation through the heart. The red
arrows indicate the blood circulation pathways. (B) Electrical activation sequence
(with approximate conduction velocities) in the heart. Modified with permission
from Mendonc¸a Costa [2016]. Abbreviations: RA (right atrium), LA (left atrium),
RV (right ventricle), LV (left ventricle), SVC (superior vena cava), IVC (inferior vena
cava), PA (pulmonary artery), PVs (pulmonary veins) and Ao (Aorta).
BC. Around the same time, Aristotle studied the mechanics of living systems in the
book ‘Motion of Animals’, which might have been the first attempt to investigate
biomechanics (BM). Although these seminal records initiated a new scientific era,
several paradigm shifts over the last centuries and decades were necessary to study
cardiac EP and BM using personalized computational methods in such detail.
1.1 Cardiac Anatomy
The heart is an electromechanical pump composed of four chambers - left and right
atrium and left and right ventricle - which contract in a synchronous manner to
pump non-oxygenated blood to the lungs and oxygenated blood to the body (see
Fig. 1.1(A)). Venous blood enters the right atrium (RA) via the inferior vena cava
(IVC) and superior vena cava (SVC), from where it is pumped via the tricuspid valve
(TV) into the right ventricle (RV). The non-oxygenated blood enters the pulmonary
artery (PA) via the pulmonary valve (PL) and is transported to the lungs, where
carbon dioxide is replaced with oxygen. Arterial blood enters the left atrium (LA)
through the pulmonary veins (PVs), from where it is pumped into the left ventricle
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(LV) via the mitral valve (MV). Finally, oxygenated blood is ejected via the aortic
valve (AV) into the aorta (Ao) and distributed in the peripheral circulatory system.
Focusing specifically on the LA, several studies have quantified left atrial hemo-
dynamics using pressure-area or pressure-volume measurements [Dernellis et al.,
1998, Stefanadis et al., 1998, 1999, 2001]. Distinctly different from the relations
observed in the ventricles [Suga et al., 1981], the pressure-volume relationship in
the LA exhibits the shape of an infinity symbol [Stefanadis et al., 2001]. The LA
modulates the filling of the LV through 3 individual phases. The reservoir phase is
characterized by the passive filling of the LA through the PVs during ventricular
systole. Since the MV remains closed, both pressure and volume in the chamber
are increasing. The conduit phase is initiated by the opening of the MV followed
by passive emptying towards the LV utilizing the existing pressure gradient during
ventricular diastole. During passive emptying both pressure and volume in the LA
are decreasing. Finally, in the contraction phase the LV is actively filled via con-
traction of the left atrial myocardium during late ventricular diastole. While the
MV remains open, the left atrial pressure increases during the contraction decreas-
ing the left atrial volume. The contraction phase terminates when the pressure in
the LV exceeds the pressure in the LA and the MV closes. Given these individual
phases, 2 significant loops are observed in the pressure-volume relationship, the ‘A’
loop and the ‘V’ loop associated with the pump function and the reservoir function,
respectively.
1.2 Cardiac Physiology
The synchronous contraction of the heart, referred to as heartbeat, is controlled
by a highly organized sequence of electrical events (see Fig. 1.1(B)). The electrical
conduction is initiated by the primary pacemaker tissue, the sinoatrial node (SAN),
located at the junction between the RA and the SVC. The electrical impulse gen-
erated in the SAN propagates over the RA and enters the LA on multiple locations
[Markides et al., 2003]. The atria and ventricles are electrically isolated allowing
the signal transduction only via the atrioventricular node (AVN) located posteroin-
ferior to the interatrial septum. The electrical impulse continues the propagation in
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the bundle of His at the base of the ventricles which divides into the left and right
bundle branches distally connected to an extensive network of Purkinje fibers. The
Purkinje fibers are located at the ventricular endocardium and are connected to the
ventricular myocardium through Purkinje-ventricular junctions. The hierarchical
structure of the heart ensures the synchronous electrical activation and subsequent
mechanical contraction of the myocardium resulting in the electromechanical pump
function [Zipes et al., 2017].
Cardiac myocytes contain numerous tubular myofibrils, which in turn contain
repeating sections of sarcomeres, the basic building blocks of the cardiac muscle
(see Fig. 1.2). The contraction of the heart occurs due to sliding of actin filaments
- thin filaments - along myosin filaments - thick filaments - in a process referred to
as crossbridge cycling. As each cardiac myocyte is electrically activated, calcium
(Ca2+) enters the cell through L-type Ca2+ channels binding to ryanodine receptors
(RyRs) on the sarcoplasmic reticulum (SR), an intracellular Ca2+ store. The activa-
tion of the RyRs triggers the release of Ca2+ from the SR into the cytosol, a process
called Ca2+-induced Ca2+ release. The cytosolic Ca2+ binds to the tropomyosin
complex (to the troponin-C molecule) which results in a conformational change
unblocking the myosin binding sites. In the resting position, a position in which
the myosin head remains detached in a high-energy configuration, adenosine diphos-
phate (ADP) and inorganic phosphate are bound to the myosin head. The activated
myosin head attaches to its binding site on the actin filament once it has become
unblocked forming a crossbridge, while the phosphate is released. Then, the remain-
ing ADP is released causing a confirmation change of the myosin head performing
a power-stroke and sliding the actin filament towards the sarcomere center. After
the power-stroke, adenosine triphosphate (ATP) binds to the myosin head causing
its detachment. The myosin head is reactivated by hydrolyzation of ATP into ADP
and inorganic phosphate transforming it back into its resting position [Opie, 2003].
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Figure 1.2: (A) Simplified representation of the structural organization of actin and
myosin in the sarcomere. (B) Major proteins involved in the mechanical contraction
of cardiac myocytes. Modified with permission from Harvey and Leinwand [2011].
1.3 Cardiac Pathology
Cardiac disease classifies a wide range of different pathologies associated with the
heart which are either of electrical, e.g., atrial fibrillation (AF) and ventricular
fibrillation (VF), circulatory, e.g., myocardial infarction (MI), or structural, e.g.,
cardiomyopathy and valvular insufficiency, origin. While pathologies such as VF,
which could potentially lead to sudden cardiac arrest, and MI, which could perma-
nently damage the contracting myocardium, represent life threatening conditions
in which emergency treatment is necessary, AF increases the risk of other cardio-
vascular diseases [Feinberg et al., 1995, Wolf et al., 1991].
1.3.1 Atrial Fibrillation
AF is a supraventricular tachyarrhythmia characterized by uncoordinated atrial ac-
tivation with consequent deterioration of mechanical function (see comprehensive
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review article by Schotten et al. [2011]). Affecting an estimated 33 million people
worldwide [Rahman et al., 2014], AF is the most common arrhythmia and is associ-
ated with an increased long-term risk of other cardiovascular diseases (e.g., increases
stroke risk 5-fold and accounting for approximately 5% of all strokes) [Camm et al.,
2010, Go et al., 2001]. The prevalence of AF significantly increases with age from
0.5% under age 60 to almost 9% above age 80, while men having a 1.5-fold greater
risk of developing AF than women [Kannel et al., 1998]. The mechanisms under-
lying AF are not completely understood [Calkins et al., 2012], however, ectopic
triggers arising from the muscular sleeves of the PVs have been shown to initiate
AF [Ha¨ıssaguerre et al., 1998]. Furthermore, a pathological substrate to sustain
AF is needed. In the presence of AF, both the triggers and the substrate undergo
changes [Allessie et al., 2002], so that AF is more easily initiated and sustained
(‘AF begets AF’) [Wijffels et al., 1995]. Although AF is traditionally associated
with cardiovascular diseases, multiple other noncardiovasular risk factors have been
identified [Ferreira et al., 2015].
The classification of AF may be based on aetiology, depending on whether it
occurs without any identifiable aetiology in a structurally normal heart (lone AF)
[Weijs et al., 2012], or whether it is secondary to hypertensive, valvular or other
structural heart diseases [Markides et al., 2003]. A classification system based on
temporal arrhythmia patterns categorizes first detected episode of AF or, in case
of previously documented episodes, recurrent AF. The episodes of AF themselves
may be classified as paroxysmal if they terminate spontaneously (< 7 days) or
persistent if they require pharmacological or electrical intervention for termination.
Arrhythmias which cannot be successfully terminated and long-term AF (> 1 year)
are termed permanent [Markides et al., 2003].
The conservative treatment of AF involves medication using either heart rate
controlling drugs, e.g., β-blockers or Ca2+ channel blockers, or heart rhythm control-
ling drugs, e.g., sodium (Na+) channel blockers or potassium (K+) channel blockers.
Electrical cardioversion, a procedure in which a mild electric shock is applied exter-
nally to the chest, could potentially revert the patient into sinus rhythm [Gorenek,
2012]. Radiofrequency catheter ablation (RFCA), a minimal invasive surgical in-
tervention, is routinely performed to treat AF in drug-refractory patients (see com-
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prehensive review article by Calkins et al. [2012]). During RFCA therapy, various
catheters are inserted into the RA through femoral venous access and guided into
the LA via transseptal puncture. Through application of radiofrequency currents
via the ablation catheter the left atrial myocardium is heated until necrotic and
a transmural lesion is formed. PV isolation is routinely performed to electrically
isolate any ectopic triggers originating from its muscular sleeves. Several linear
ablation lesions may be added fragmenting the LA and forming additional barriers
for excitation propagation.
While providing an optional treatment strategy, RFCA has moderate efficacy
(only 50-75% long term maintenance of sinus rhythm [Cappato et al., 2005]). There
is a 6% risk of major complication associated with RFCA, while a third of the
patients require additional procedures [Cappato et al., 2005]. Furthermore, RFCA
therapy is expensive at approximately £8000 per additional quality-adjusted life
year (QALY) [Rodgers et al., 2008].
1.4 Research Motivation
Although cases of lone AF (patients without clinical or echocardiographic evidence
of cardiopulmonary diseases) exist [Weijs et al., 2012], AF is often secondary to an
underlying pathology, specifically hypertension and heart failure. Understanding
the explicit link between these diseases and AF is fundamental to stratify patients,
guide treatment and differentiate between patients that require RFCA to treat AF
or those who will revert to sinus rhythm once the underlying primary pathology has
been treated. Alterations in the mechanical loading conditions have a multifaceted
effect on the EP of the atria.
Rapid changes in myocardial wall thickness provide a tether for complex spiral
electrical activation patterns that characterize AF [Yamazaki et al., 2012]. The
complex anatomy including the trabecular bundle structure of human atria results
in the regional variation of wall thickness. Local or global elevations in atrial blood
pressure and pathological mechanical deformation due to hypertension and heart
failure can significantly alter the thickness distribution across the atria. These vari-
ations in myocardial wall thickness can be further amplified by the heterogeneous
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nature of atrial stiffness, increasing the potential of sustained AF [Narayan et al.,
2012].
Furthermore, the different modes of deformation during hypertension and heart
failure will each have distinct effects on the shape and size of the atria. During AF
the atrium is rapidly activated by ectopic beats, reentrant circuits or self sustaining
rotor activation patterns. In large atria there is a decreased probability of a rotor
terminating by colliding with a border, an increase in the number of rotors that can
be concurrently sustained and an increase in the range of wavelengths compatible
with reentrant circuits [Moe et al., 1964]. Elevated pressure during hypertension
will dilate the atria, increasing their volume and surface area. This will increase
the length of reentrant circuits and play a crucial role in determining the dominant
frequency of fibrillation and the path of driving circuits [Rensma et al., 1988]. These
geometric factors have the capacity to play a significant role in the sustenance of
AF and are likely to be dependent on specific pathologies.
Personalized computational modeling provides a powerful framework for inte-
grating and interpreting patient data and gaining novel insights into clinical mea-
surements [Krueger et al., 2013, Niederer et al., 2011b]. Specifically, these models
are an important tool for providing detailed insight into the mechanisms responsible
for the initiation and sustenance of arrhythmias [Moe et al., 1964]. The extensive
validation of these models and their ability to link cellular mechanisms with tis-
sue scale observations have lead to their increasing application to interpret clinical
measurements and evaluate new medical device technologies [Krueger et al., 2013,
Niederer et al., 2011b]. Computational electromechanics (EM) models have been
widely used to study the function of the ventricles in animals and humans [Crozier
et al., 2016b,c, Eriksson et al., 2013, Hu et al., 2014, Niederer et al., 2012a, Niederer
and Smith, 2009, Niederer et al., 2011b, 2012b, Nordsletten et al., 2011, Okada et al.,
2017]. Significant progress has been made in this particular field and increasing lev-
els of anatomical and physiological complexity have been included in these models.
In contrast to the ventricles, only a limited number of computational EM models
in the atria have been developed [Adeniran et al., 2015, Vigmond et al., 2008b].
While multiple models to study EP have been published [Aslanidi et al., 2011, Fer-
rer et al., 2015, Seemann et al., 2006, Tobo´n et al., 2013, Varela et al., 2016, Zhao
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et al., 2017], models to investigate BM remain sparse [Di Martino et al., 2011a,b,
Hunter et al., 2012, Jernigan et al., 2007, Moyer et al., 2015, Satriano et al., 2013].
These models have either assumed that atrial deformations are small [Hunter et al.,
2012], inconsistent with observed strains of > 30% [Kuppahally et al., 2010], or
have modeled deformation patterns in other species such as pigs [Di Martino et al.,
2011a,b, Jernigan et al., 2007, Satriano et al., 2013].
1.4.1 Research Objectives
The objective of this research project was to develop the first personalized compu-
tational models of the LA including the heterogeneous myocardial wall thickness
and the complex myofiber architecture suitable for EM simulations. The influence
of a variable transmural microstructure on local activation times (LATs) was quan-
tified through EP simulations utilizing individual transmural fiber interpolation
functions. Following the reinterpretation of biaxial mechanical tension test data of
human atria, the spatial correlation between left atrial myocardial wall thickness,
obtained using a novel algorithm, and left atrial stress patterns, calculated using
BM simulations, was investigated. An isolated Langendorff perfusion in the LA was
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Detailed understanding of cardiac function in physiological and pathological
conditions concerning EP and BM is important for targeted medical treatment
strategies. While cellular and organ experiments on different species have revealed
fundamental insight, these experiments lack the predictive component associated
with the disease progression. Computational modeling provides a mathematical
framework in which complex processes and interactions in the heart can be inte-
grated and interpreted in silico. Starting with the seminal work on cellular EP
by Hodgkin and Huxley [1952], computational models have evolved towards multi-
scale multi-physics finite element (FE) simulations of the heart [Augustin et al.,
24
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2016]. More recently, the focus of cardiac modeling shifted towards the clinical
translation to predict surgical treatment outcome [Crozier et al., 2016b,c, Hu et al.,
2014, Lee et al., 2017, Niederer et al., 2012a,c, Villongco et al., 2016]. Furthermore,
computer models have been applied to identify biomarkers for cardiac diseases and
surgical interventions [Lamata et al., 2016, Varela et al., 2017a, Whitaker et al.,
2017]. In contrast to EP simulations, only a limited number of BM studies have
been published, especially for the LA.
2.1 Modeling of Cardiac Electrophysiology
Computational modeling of the LA has been focusing on EP simulating either the
physiological propagation of bioelectric activity or the pathological development
and sustenance of arrhythmias in detailed anatomical models [Aslanidi et al., 2011,
Ferrer et al., 2015, Krueger et al., 2013, McDowell et al., 2015, Seemann et al.,
2006, Tobo´n et al., 2013, Uldry et al., 2012]. Furthermore, the moderate efficacy of
RFCA in AF [Cappato et al., 2005] has promoted EP studies on ablation lesions and
ablation targets [Reumann et al., 2008, Seemann et al., 2002, Smith et al., 2011].
2.1.1 Cellular Electrophysiology
Biophysical models representing cellular EP typically follow the Hodgkin-Huxley
formulation [Hodgkin and Huxley, 1952], a mathematical description of neural cells.
Although modern cellular EP models are based on this approach, they differ vastly
in their complexity and detail as a consequence of the increased availability of
experimental data. Especially for the human atria, multiple ionic models have
been proposed, where the most established models are discussed (see comprehensive
review articles by Jacquemet et al. [2008], Bers and Grandi [2011], Do¨ssel et al.
[2012], Wilhelms et al. [2013] and Trayanova [2014]).
The first atrial cell models were developed using measurements in rabbit [Hilge-
mann and Noble, 1987, Lindblad et al., 1996] and frog [Rasmusson et al., 1990].
Subsequently, human atrial cell models were independently proposed by Courte-
manche et al. [1998] and Nygren et al. [1998] and have been widely used in EP
multi-scale simulations. Although both rely on the same mammalian measurements,
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Figure 2.1: Human atrial electrophysiology models (Courtemanche et al. [1998],
Grandi et al. [2011], Koivuma¨ki et al. [2011], Maleckar et al. [2008], Nygren et al.
[1998]). (A) Schematic of the atrial myocyte, including representations of the cell
membrane with respective ion channels and intracellular ion concentrations for var-
ious human atrial cell models. (B) Schematic of the calcium handling process with
different compartments and currents for various human atrial cell models. (C-G)
Action potentials in control and chronic atrial fibrillation (cAF) models for various
human atrial cell models indicating a shorter action potential duration for cAF in all
cases. Modified with permission from Trayanova [2014].
the models differ vastly in their action potential (AP) properties and rate-depended
behavior (see Figs. 2.1(C) and 2.1(D)), due to marked differences in Ca2+ handling
[Cherry and Evans, 2008, Cherry et al., 2008, Nygren et al., 2001].
With new experimental data available, Maleckar et al. [2008] modified the Ny-
gren model, refining the K+ current description leading to a more accurate represen-
tation of repolarization and rate-dependence. Furthermore, Koivuma¨ki et al. [2011]
extended the models by Nygren and Maleckar with a more detailed atria-specific
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description of the SR accounting for the delay between peripheral and central SR
Ca2+ uptake and release. Grandi et al. [2011] commenced a third lineage of human
atrial cell models based on the human ventricular cell model presented in Grandi
et al. [2010] incorporating a new formulation of intracellular Ca2+ (Ca2+i ) dynamics
as well as β-adrenergic and cholinergic regulation of cellular function. Wilhelms
et al. [2013] provided a systematic benchmark of the 5 human atrial cell models
introduced and assessed their ability to replicate modified properties due to elec-
trical remodeling in chronic AF (see Fig. 2.1(C)-(G)). While discrepancies between
model predictions remain, a consistent trend towards models constrained by human
data recorded from atrial cells at physiological temperatures will persist, continually
improving the relevance of cellular EP models.
2.1.2 Tissue Electrophysiology
Simulations of tissue EP can be classified by their degree of complexity: rule-based
methods (i.e., cellular automata), simplified propagation methods (e.g., shortest
path algorithm and eikonal models) and reaction-diffusion models with detailed
representations of cellular EP (e.g., mono- and bidomain model) (see comprehensive
review articles by Jacquemet et al. [2008], Clayton et al. [2011], Do¨ssel et al. [2012]
and Trayanova [2014]).
The first simulations of atrial tissue EP have been performed by Moe et al.
[1964] investigating the pattern and dynamics of AF using a cellular automaton,
in which regularized cells describe EP utilizing a finite number of states. Cellular
automata have been adapted towards tissue anisotropy and wave front curvature
[Correa de Sa et al., 2011] as well as rate-dependent AP duration (APD) [Reumann
et al., 2008].
The shortest path algorithm has been applied by Van Dam and Van Oosterom
[2003], where a uniform electrical propagation was assumed not considering any
electrophysiological states. In combination with a precise geometrical description,
the illustration of prominent excitation routes was feasible. Eikonal models [Colli
Franzone et al., 1990, Keener, 1991] represent simplified approaches to approxi-
mate the spread of bioelectric activity, however, are capable of incorporating tissue
anisotropy and electrophysiological states [Dierckx et al., 2011, Konukoglu et al.,
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2011]. Jacquemet [2012] used an eikonal-diffusion model to study reentrant cardiac
activity in the atria. Recently, Neic et al. [2017] extended the eikonal model utilizing
a reaction term to rapidly compute electrograms (EGMs) and electrocardiograms
(ECGs) for whole heart simulations and reported good agreement with the more
computationally expensive reaction-diffusion bidomain model.
The majority of tissue EP modeling studies have been performed using either the
reaction-diffusion monodomain or bidomain model. Vigmond et al. [2001] generated
a morphologically realistic cable model scaled to canine dimensions and studied the
specific role of different anatomical structures on reentry. Harrild and Henriquez
[2000] generated a regular human atrial FE model of normal conduction including
a crude approximation of the complex myofiber orientation and homogeneous cel-
lular EP properties. Based on the model by Harrild and Henriquez [2000], Tobo´n
et al. [2013] and Ferrer et al. [2015] improved the representation of the atrial fiber
architecture and incorporated heterogeneous cellular EP and conduction properties
to investigate complex fractionated atrial EGMs and ECGs, respectively. Seemann
et al. [2006] developed a detailed EP model of the atria derived from the Visible
Female dataset and included fiber orientations for the bundle structures. Consid-
ering the heterogeneous distribution of cellular EP properties, they studied atrial
conduction and repolarizaton. The model generated by Seemann et al. [2006] was
extended by Aslanidi et al. [2011] using diffusion tensor magnetic resonance imaging
(MRI)-derived fiber orientations and a representation of the human torso to study
ECGs. Krueger et al. [2013] developed EP models of healthy volunteers and patients
with AF including the fiber orientation using a semi-automatic approach [Krueger
et al., 2011], while personalized cellular and tissue EP were incorporated. McDowell
et al. [2012] generated a model of the LA including fibrotic regions derived from
late gadolinium-enhanced MRI and incorporated the complex left atrial myofiber
architectures using a registration-based approach with template fibers taken from
Krueger et al. [2011]. Adopting this approach, multiple models of the LA have
been created in McDowell et al. [2012] and McDowell et al. [2015] to study the
interactions between tissue remodeling and AF.
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2.2 Modeling of Cardiac Biomechanics
BM strain patterns have been associated with pathological substrates and remodel-
ing in the LA [Gabrielli et al., 2014, Hunter et al., 2012, Motoki et al., 2014, Pagola
et al., 2014, Parwani et al., 2017, Tsai et al., 2009, Vural et al., 2015]. However, the
ability to simulate BM in the LA has been limited due to the availability of clinical
data, the complexity of the anatomical structure, the intrinsic boundary conditions
and the lack of mechanical material parameters.
2.2.1 Linear Elasticity Theory
Hunter et al. [2012] investigated the spatial correlation of peak wall stress (defined
as regions with von Mises stresses ≥ 90th percentile) with focal remodeling in 19 pa-
tients with persistent AF. The individual patient geometries were directly exported
from the electroanatomical mapping system during RFCA, while a homogeneous
thickness of the left atrial myocardium was assumed. Utilizing the linear elasticity
theory, the mechanical material response in the LA was described using Young’s
modulus. Although large strains have been observed in the LA during the cardiac
cycle [Kuppahally et al., 2010], these models provided an initial estimate of the
stress distribution within a large patient cohort.
2.2.2 Finite Elasticity Theory
While pioneering left atrial BM, Jernigan et al. [2007] generated the first mechanical
FE simulation of the LA derived from pressurized porcine MRI data to facilitate
the design of an endoscopic atrial retractor. The myocardial thickness was assumed
piecewise constant and the myocardial material response was characterized using
the Mooney-Rivlin model [Mooney, 1940, Rivlin, 1948a], an isotropic hyperelastic
strain-energy function (SEF), homogeneously distributed in the LA. More recently,
Di Martino et al. [2011a,b] developed FE models of the LA derived from porcine
computed tomography (CT) data and studied the effect of ventricular tachypacing
on the spatial and temporal stress distribution. Thus, different myocardial wall
thicknesses and material parameters were specified in 3 locations, while the me-
chanical material behavior was represented using the neo-Hookean model [Rivlin,
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1948a], an isotropic hyperelastic SEF. They concluded that ventricular tachypacing,
which results in an elevated left atrial blood pressure, induced a cascade of struc-
tural, geometrical and mechanical changes as a consequence of the local mechanical
stress. Satriano et al. [2013] adapted the healthy porcine FE model developed by Di
Martino et al. [2011a] including an estimate of the left atrial myofiber architecture
using a feature-based morphing methodology. Besides modeling the mechanical
material response using the neo-Hookean model [Rivlin, 1948a], they investigated
the effect of the complex atrial fiber orientation using a combined neo-Hookean and
Fung-type model rendering the overall SEF anisotropic. In accordance with the fi-
nite elasticity theory, lower stretches and higher stresses in the fiber direction were
observed. Moyer et al. [2015] generated a computational FE model of the LA based
on the average endocardial surfaces of 10 healthy subjects derived from MRI data
[Moyer et al., 2013]. The mechanical material response of the myocardium was char-
acterized using a combination of the Mooney-Rivlin model and an exponential fiber
contribution resulting in an anisotropic hyperelastic SEF. Length-depended active
contraction was incorporated using the model proposed by Guccione and McCulloch
[1993], while the system was coupled with a left atrial Windkessel model. Exploring
several features associated with atrial remodeling during AF, they concluded that
most changes observed in patients with paroxysmal AF can be explained by a com-
bination of dilation, increased pressure and fibrosis. Fritz et al. [2014] created an
EM whole heart model including the pericardium to investigate its influence on the
atrial volumes during ventricular contraction. The mechanical material behavior
of the atrial myocardium, assumed electrically inactive, was described using the
Guccione model [Guccione et al., 1991], an anisotropic hyperelastic SEF. Due to
ventricular contraction, the simulation including the pericardium resulted in larger
atrial volumes when compared to the simulation without the pericardium. Further-
more, an increase in atrioventricular plane displacement and a decrease in radial
ventricular contraction was observed when the pericardium was incorporated in the
FE simulation.
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2.3 Modeling of Cardiac Electromechanics
The coupling between EP and BM in the heart remains an active area of research
(see comprehensive review articles by Nordsletten et al. [2011], Trayanova and
Rice [2011] and Trayanova [2012]). Experimental and clinical research studies have
demonstrated the effect of mechanical activity on cardiac EP [Kohl et al., 1999].
Cardiac mechano-electric feedback (MEF) is mediated through 3 major mecha-
nisms, by which mechanical deformation alters the electrophysiological state of the
underlying myocardium: (i) deformation alters the geometrical configuration and
thus the spatial electrical gradients, (ii) currents through stretch-activated chan-
nels (SAC) directly alter the transmembrane potential and (iii) stretch alters the
binding affinity of Ca2+ to troponin-C influencing cytosolic Ca2+ transients and
diastolic Ca2+ levels [Augustin et al., 2016]. The computational approach of in-
cluding these bidirectional feedback mechanisms in cardiac models is termed strong
coupling, while the computational approach of neglecting the MEF is termed weak
coupling. Bidirectional coupling approached in EM have the capacity to more ac-
curately describe the underlying cardiac scenario, however, these approaches are
associated with a high computational cost.
2.3.1 Unidirectional Electromechanical Coupling
To date, a single study on unidirectionally coupled EM in the LA is available in the
scientific literature, mainly due to numerical instabilities during the complex FE
simulations [Do¨ssel et al., 2012]. Vigmond et al. [2008a] studied the effect of left and
right bundle branch block on cardiac output in a highly idealized conical heart model
[McQueen and Peskin, 2000]. Utilizing the interconnected cable method [Leon and
Roberge, 1991], cellular atrial EP was characterized by the Nygren model [Nygren
et al., 1998], while cellular ventricular EP was governed using the modified Beeler-
Reuter model [Drouhard and Roberge, 1987]. The immersed boundary method
[Peskin, 2002], a computational scheme for fluid-structure interaction, was applied
in the form presented in McQueen and Peskin [2001]. Subsequent to whole heart
simulations, computed strains in selected regions of the heart were applied to a
zero-dimensional (0D) implementation of a cardiac myocyte model and the effect
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of strain on the transmembrane potential and tension was investigated. Vigmond
et al. [2008a] compared the results to clinical observations and concluded a good
agreement.
Usyk et al. [2002] generated an anatomically detailed biventricular canine EM
model and verified its capabilities to represent systolic strain in sinus rhythm. Uti-
lizing the FitzHugh-Nagumo model for cellular EP [FitzHugh, 1961], the propaga-
tion of the electrical excitation was characterized using a three-dimensional (3D)
version of the cable equation. The anisotropic hyperelastic SEF presented in Usyk
et al. [2000] was employed to characterized passive tissue mechanics, while active
myocardial contraction was governed by the model proposed in Guccione and Mc-
Culloch [1993]. Kerckhoffs et al. [2003a] developed an idealized EM model of the
left ventricle to study the homogeneity of cardiac contraction. Depolarization in
the FE model was characterized by the eikonal-diffusion model. The mechani-
cal characterization of the myocardium relied on a combination of invariant-based
and strain-based hyperelastic SEFs rendering the material response anisotropic,
while the active contraction during ventricular systole was governed by an ordinary
differential equation (ODE)-based model. Based on this work, Kerckhoffs et al.
[2003b] improved the simulations using a realistic biventricular FE model and in-
vestigated the effect of ventricular pacing sites and timings on the cardiac pump
function. Niederer and Smith [2009] generated an EM model of the rat left ventricle
to explore regulators involved in the transduction of work from cellular to organ
level. Myocardial EM was governed by a model described in Niederer and Smith
[2007], which combines the cellular EP presented in Pandit et al. [2001], the Ca2+
dynamics developed in Hinch et al. [2004] and the contraction model in Niederer
et al. [2006]. The electrical propagation across the myocardium was simulated us-
ing the monodomain model, while the passive mechanical material behavior was
characterized by the Omens model [Omens et al., 1993]. Niederer and Smith [2009]
concluded that length-dependent Ca2+ sensitivity and filament overlap, represent-
ing the Frank-Starling mechanism, are the dominant factors for work transduction.
More recently, multiple studies on the optimization of cardiac resynchronization
therapy (CRT) have been conducted. Niederer et al. [2011b] developed a human
biventricular EM model to study the redistribution of cardiac work following CRT.
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Utilizing the Ten Tuscher-Panfilov model for cellular EP [Ten Tusscher and Pan-
filov, 2006], the monodomain model was used to represent excitation propagation.
The mechanical response of the heart muscle was governed by the Guccione model
[Guccione et al., 1991], an anisotropic hyperelastic SEF, while active contraction
was simulated though a function of electrical activation time. This work promoted
multiple subsequent studies on various aspects associated with CRT [Crozier et al.,
2016b,c, Lee et al., 2017, Niederer et al., 2012a,b,c].
2.3.2 Bidirectional Electromechanical Coupling
To date, a single study on bidirectionally coupled EM in the LA is available in the
scientific literature, mainly due to numerical instabilities during the complex FE
simulations [Do¨ssel et al., 2012]. Adeniran et al. [2015] investigated the effect of
AF-induced electrical remodeling on atrial function. Cellular EP was represented
using the Courtemanche model [Courtemanche et al., 1998] with modifications to
account for heterogeneous cellular properties across the atria and strongly coupled
with the Rice model [Rice et al., 2008], a detailed ODE-based contraction model.
The monodomain model was used to characterize the spread of electrical activa-
tion and the myocardial material response was governed by the Guccione model
[Guccione et al., 1991], an anisotropic hyperelastic SEF. Incorporating the MEF
via deformation and the Ca2+i concentration, Adeniran et al. [2015] reported an
impaired mechanical contraction due to a reduction of Ca2+i transients.
Nash and Panfilov [2004] studied reentrant cardiac arrhythmias in planar two-
dimensional (2D) sheets including MEF via deformation. The phenomenological
FitzHugh-Nagumo model [FitzHugh, 1961] was adapted using the Aliev-Panfilov
modifications [Aliev and Panfilov, 1996] and strongly coupled with an ODE-based
active contraction model directly dependent on the transmembrane potential. Prop-
agation of the electric activation was governed by the monodomain model and the
Mooney-Rivlin model [Mooney, 1940, Rivlin, 1948a], an isotropic hyperelastic SEF,
was employed to represent the passive myocardium. Building on Nash and Panfilov
[2004], Keldermann et al. [2010] examined the influence of MEF on the stability
of reentrant wave excitation in the human ventricular heart model presented in
Ten Tusscher et al. [2007]. Utilizing the Ten Tuscher-Panfilov model [Ten Tuss-
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cher and Panfilov, 2006] for cellular EP strongly coupled with the model presented
in [Niederer et al., 2006], the MEF was included via deformation and a nonselec-
tive SAC. The monodomain model governed tissue EP, while the Guccione model
[Guccione et al., 1991], an anisotropic hyperelastic SEF, was used to represent
the passive mechanical behavior of ventricular myocardium. Keldermann et al.
[2010] found that including MEF can induce deteriorations which lead to turbu-
lent wave patterns of an otherwise stable spiral wave. Jie et al. [2010] employed
the anatomically accurate ventricular rabbit model developed by Vetter and Mc-
Culloch [1998] to investigate mechanisms of spontaneous induction of arrhythmias.
Thus, the Luo-Rudy dynamic model [Luo and Rudy, 1994] was adopted using the
Faber-Rudy modifications [Faber and Rudy, 2000] to describe cellular EP and bidi-
rectionally coupled with the Rice model [Rice et al., 2008]. The bidomain model
governed the spread of electrical activation, while the myocardial material behavior
was characterized using a modified Guccione model [Vetter and McCulloch, 2000],
an anisotropic hyperelastic SEF. The MEF was incorporated using 2 separate SAC,
a non-specific cation current and a mechano-sensitive K+ current. Using this com-
putational model, Jie et al. [2010] concluded that mechanically induced membrane
depolarizations contribute to both the origin of and the substrate for spontaneous
arrhythmias. Augustin et al. [2016] and Crozier et al. [2016a] developed a personal-
ized computational modeling pipeline utilizing MRI data for whole heart EM. Using
the weakly coupled approach as reference [Augustin et al., 2016], they strongly cou-
pled the ventricular Grandi model [Grandi et al., 2010] governing cellular EP with
the Land model [Land et al., 2012], a biophysically-based active contraction model,
following minor adaptation. The spread of cardiac bioelectric activity was governed
by the bidomain model and the Holzapfel-Ogden model [Holzapfel and Ogden, 2009],
an orthotropic hyperelastic SEF, was used to characterize the passive myocardial
material properties. Using a Langendorff setup [Langendorff, 1895], in which the
atria where assumed electrically inactive, the effect of bidirectional coupling was in-
vestigated through stretch-depended Ca2+ binding to troponin-C, although all the
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Personalized computational modeling of atrial EM requires a numerical frame-
work in which the fundamental equations governing EP and BM are combined using
either a weakly or strongly coupled approach. Several computational software plat-
forms for cardiac multi-physics problems have been developed over the last decades
[Land et al., 2015]. Besides the sole capacity to solve personalized atrial EM, the
applied numerical framework requires a large degree of parallelization to ensure
tractable simulation times using a detailed geometrical representation of the LA.
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The software platform Cardiac Arrhythmia Research Package (CARP) - a multi-
physics simulation environment - was employed to calculate EP, BM and EM on
personalized atrial geometries discretized into high-resolution FE meshes [Vigmond
et al., 2003]. For simulation tractability, a weakly coupled approach was employed
neglecting MEF. Furthermore, the software platform CARP provides additional
functionalities, e.g., solving the Laplace’s equation, extensively used within the
model generation (Chapt. 4) and wall thickness calculation (Chapt. 6). The chap-
ter provides the general mathematical background necessary for weakly coupled
atrial EM simulations, while more specific relations are provided in the individual
chapters.
3.1 Modeling Cardiac Electrophysiology
Atrial EP is typically modeled by treating the myocardium as a continuum and
describing tissue scale electrical activation through the monodomain simplification
of the bidomain equations. Linking the cellular transmembrane current Im to the
spread of activation through gap junctions, the monodomain model has been widely
applied in theoretical [Niederer et al., 2011a, Vincent et al., 2015], physiological
[Aslanidi et al., 2011, McDowell et al., 2015, Seemann et al., 2006] and clinical
[Jacquemet et al., 2008, Krueger et al., 2013] studies.
3.1.1 Cellular Electrophysiology
Cellular bioelectricity is governed by a set of algebraic ODEs typically following the
Hodgkin-Huxley formulation [Hodgkin and Huxley, 1952]. The biophysical cellular
EP models represent the current flow via ion channels, pumps and exchangers across
the cell membrane and generally consider subcellular Ca2+ handling. The individual
ionic models representing the cellular EP differ vastly in complexity, associated with
the level of physiological detail, capable of representing the major tissue types in
the heart for different species [Fink et al., 2011].
The selectively permeable cell membrane has capacitive and ionic properties as
it separates charges between the intracellular and extracellular space while allowing
the flow of ions between the compartments. Thus, the transmembrane current Im
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where Cm is the membrane capacity and Vm is the transmembrane potential defined
as the potential difference between the intracellular φi and extracellular φe space,
i.e., Vm = φi−φe. In a single cell, the conservation of charge requires, in the absence
of extraneous current sources, the net transmembrane current Im to be zero. Hence,
the change in transmembrane potential Vm under the application of an intracellular




= −Iion + Istim, (3.2)
where Iion =
∑
i Ii, with i = X, p, x, are transmembrane ionic currents through
channels, pumps and exchangers, respectively. Following Fink et al. [2011], the ion
flux through a channel pore caused by voltage and concentration gradients can be
approximated using Ohm’s law according to [Hodgkin and Huxley, 1952]
IX = NpogX(Vm − EX), (3.3)
where IX is the ion current, N is the number of channels in the membrane, po is the
open probability of the channel, gX is the maximum conductance of the channel,
EX is the Nernst potential and X is the specific ion type. Depending on the channel
and the ion type, another description of the ion flux might be more appropriate,






γiXi − γoXo exp(−zXFVm/RT )
1− exp(−zXFVm/RT ) , (3.4)
where PX is the membrane permeability, zX is the ion valence, Xi and Xo are the
intracellular and extracellular ion concentrations with the corresponding partition
coefficients γi and γo, respectively, T is the temperature, R is the gas constant and
F is the Faraday constant. Considering the energy barrier of the channel, another
approach to approximate the ion flux though a channel pore is given as [Hille, 2001]
IX = Npo
gX
1 + λ exp(bVm)
(Vm − EX), (3.5)
where constants b and λ are the voltage sensitivity and the gradient of the barrier
function, respectively. The open probability of the channel po is generally described
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using the multiplicative composition of gating variables γg, which depend on the rate
coefficients αγg and βγg describing the transition between states. The kinetics of ion
pumps is often described in terms of binding processes, where the transported ion
binds to the transporter protein located in the cell membrane. The pump current








where Ip,X,max is the maximum current through the transporter and Psites is the
probability of having occupied sites, which depends on the equilibrium constant of
the reaction Km,X, the concentration of the ion X and the number of ions n that can
bind to the receptor. Ion exchangers use the energy available in the electrochemical
gradient of one ion to transport another ion against its electrochemical gradient.
Since ion exchangers work in both directions, the total exchanger current Ix is given
as [Hille, 2001]
Ix = Ix,forw − Ix,back, (3.7)
where Ix,forw and Ix,back are the currents in the forward and backward reaction,
respectively. Similar to ion pumps, both currents follow the description of binding
processes, however, involve 2 ion types each with 2 binding sites. Thus,
Ix,µ = NFkµ(Vm)Psites,XoPsites,Yi(1− Psites,Xi)(1− Psites,Yo), (3.8)
where µ indicates either forward or backward mode with the corresponding reaction
rates kforw and kback, respectively, and Psites is the probability of having occupied
entrance sites for ion types X and Y on either the intracellular i or extracellular o
binding sites.
3.1.2 Tissue Electrophysiology
Following the introduction on computational modeling of cellular EP - representing
the microscopic scale - an introduction on computational modeling of tissue EP -
representing the macroscopic scale - is provided following Keener and Sneyd [1998].
Bidomain Model
Cardiac bioelectricity is most accurately described by the continuous cardiac bido-
main model [Henriquez, 1993, Tung, 1978]. The model is based on the assumption
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of interpenetrating homogeneous domains such that intracellular space, extracel-
lular space and cellular membrane exist in every material point within the heart.
The bidomain model is built upon the fundamental notion of charge conservation
in both the intracellular and extracellular space. Therefore, the charge continuity
equations are given as
∇ · ji + ∂ρi
∂t
= 0, (3.9)
∇ · je + ∂ρe
∂t
= 0, (3.10)
within domains Ωi and Ωe, the intracellular and extracellular domain, respectively.
The change in volumetric charge density in the respective domain, ρi and ρe, is equal
to the current density, ji and je, where the ohmic relationships between current and
potential are governed by
ji = −σi∇φi, (3.11)
je = −σe∇φe, (3.12)
where σi and σe are the conductivity tensors in the intracellular and extracellular
domain, respectively, defined as
σi = g
f
i f ⊗ f + gti t⊗ t + gni n⊗ n, (3.13)
σe = g
f
e f ⊗ f + gte t⊗ t + gne n⊗ n, (3.14)
with f , t and n representing the longitudinal, transversal and normal eigenvectors




i denoting the corresponding eigenvalues of the conductivity tensor,
respectively. In the absence of any current sources, the total current is conserved,
i.e., ∇ · (ji + je) = 0, leading to
∇ · (σi∇φi + σe∇φe) = 0. (3.15)
The current leaving the intracellular domain Ωi and entering the extracellular do-
main Ωe is denoted as transmembrane current Im in (3.1) leading to
βmIm = ∇ · (σi∇φi) = −∇ · (σe∇φe), (3.16)
where βm is the membrane surface-to-volume ratio. Utilizing the definition of the
transmembrane potential, i.e., Vm = φi − φe, provides together with (3.15) and
3.1. MODELING CARDIAC ELECTROPHYSIOLOGY 40
(3.16) the elliptic-parabolic version of the bidomain model given as
∇ · [(σi + σe)∇φe] +∇ · (σi∇Vm) = 0, (3.17)
∇ · (σi∇φe) +∇ · (σi∇Vm) = βmIm. (3.18)
The bidomain model in (3.18) can be rearranged and represented in a parabolic-
parabolic version given as
∇ · (σi∇φi) = βmIm, (3.19)
∇ · (σe∇φe) = −βmIm. (3.20)
Monodomain Model
Despite being considered the most complete model of cardiac EP, the numerical
solution of the bidomain model remains computationally expensive [Vigmond et al.,
2008b]. Thus, the monodomain model is introduced. Recalling Vm = φi − φe, the
total current jt = ji + je can be rewritten as
∇φi = σe(σi + σe)−1∇Vm − (σi + σe)−1jt. (3.21)
Substitution of (3.21) in (3.19) leads to
∇ · [(σiσe)(σi + σe)−1∇Vm]−∇ · [σi(σi + σe)−1jt] = βmIm. (3.22)
Under the assumption of equal anisotropy rations within cardiac tissue, i.e., σi =
ασe, the source term σi(σi + σe)
−1jt in (3.22) vanishes, since ∇ · jt = 0, and the
bidomain model is reduced using (3.1) to the monodomain model
∇ · (σm∇Vm) = βmCm dVm
dt
+ βmIion, (3.23)





The monodomain model only calculates the current through the intracellular space
and the gap junction, sufficient for many applications. The specific model choice to
represent cardiac bioelectric activity depends on the specific application.
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3.2 Modeling Cardiac Biomechanics
The computational FE modeling of complex structures in cardiac BM requires a
mathematical framework, in which physical phenomena can be described without
the detailed knowledge of the microstructure. Therefore, the concept of continuum
mechanics, in which a material is treated as a macroscopic system, is used to ap-
proximate the individual constituents of the myocardium in the LA. Modified from
Fastl [2013], an introduction on continuum BM is provided in the following (see
comprehensive books by Holzapfel [2000], Zienkiewicz and Taylor [2005] and Wrig-
gers [2008]).
3.2.1 Kinematics
The continuum theory assumes that a body B consists of matter at least piecewise
continuously distributed in space and time. The continuum body B is a composite
of discrete particles Pk, i.e., Pk ∈ B, embedded in the 3D Euclidean space with the
fixed origin O and the orthonormal basis vectors ei, i = 1, 2, 3, as shown in Fig. 3.1.
The continuum body B occupies the region Ω0 at the reference time t0, which is
referred to as the reference (or undeformed) configuration. The particle P in the
reference configuration Ω0 is defined by the position vector X(P, t0). For any time
t > t0, the continuum body B may have transformed occupying the new region Ω,
which is referred to as the current (or deformed) configuration. The position of the
particle P in the current configuration Ω is given by the position vector x = χ(X, t),
where χ is the motion of the continuum body B. Thus, the deformation gradient





representing the fundamental quantity in nonlinear continuum mechanics and de-
scribing the behavior of the motion χ in the neighborhood of the particle P . The
deformation gradient tensor F in (3.25) is a 2-point tensor mapping points from the
reference configuration Ω0 to the current configuration Ω. Moreover, it provides a
linear transformation between the infinitesimal vector elements dX and dx in the
reference configuration Ω0 and the current configuration Ω, respectively, given as
dx = FdX. (3.26)
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χ
Figure 3.1: Deformation of the continuum body B from the reference configuration Ω0
to the current configuration Ω with the associated motion χ. Taken with permission
from Eriksson [2012].
The deformation gradient tensor F is a nonsingular and invertible, i.e., detF 6= 0,
second-order tensor. The determinant of the deformation gradient tensor F, i.e.,
J = detF > 0, with J known as the Jacobian determinant, provides a measure of
the volume change due to the applied deformation. Thus,
dv = JdV, (3.27)
where dv and dV are infinitesimal volume elements in the current configuration Ω
and the reference configuration Ω0, respectively. The Jacobian determinant enables
the transformation of surface area elements according to
ds = JF−TdS, (3.28)
where ds = nds and dS = NdS are the infinitesimal surface area elements, n and N
are the outward surface normals and ds and dS are the areas of the surface elements
in the current configuration Ω and the reference configuration Ω0, respectively. The
local motion defined by the deformation gradient tensor F can be decomposed into
pure stretch and pure rotation via the polar decomposition theorem expressed as
F = RU = vR, (3.29)
where U and v are symmetric tensors, i.e., U = UT and v = vT, denoted as the
right and left stretch tensor, respectively. The second-order tensor R is a unique
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and proper orthogonal rotation tensor with the properties detR = 1 and RTR = I,
where I is the second-order identity tensor. Unlike kinematic displacements, which
are measurable quantities, strains are a concept introduced to simplify the analysis.
Therefore, the squares of the stretch tensors are given by
C = FTF = U2 and b = FFT = v2, (3.30)
where C and b are the symmetric and positive definite right and left Cauchy-Green
tensor, respectively, in which the rigid body motion is eliminated. Using the stretch





FTF− I) = 1
2
(C− I) , (3.31)





I− F−TF−1) = 1
2
(
I− b−1) . (3.32)
The Green-Lagrange strain tensor E and the Euler-Almansi strain tensor e provide
strain measures in the reference configuration Ω0 and the current configuration Ω,
respectively.
3.2.2 Stress Measures
To quantify the effect of deformation on a continuum body B, the concept of stress
is introduced. Therefore, consider the existence of the Cauchy traction vector t, so
that df = tds holds, where df and ds are an infinitesimal force vector and an in-
finitesimal surface area at the boundary of the continuum body ∂Ω in the current
configuration Ω, respectively. The Cauchy stress theorem postulates that
t = σn, (3.33)
where σ is the symmetric Cauchy stress tensor, i.e., σ = σT, and n is the unit
outward normal in the current configuration Ω. Moreover, the first Piola-Kirchhoff
stress tensor P can be obtained utilizing the Piola transformation leading to
P = JσF−T, (3.34)
where P is (in general) a nonsymmetric 2-point tensor, which fulfills PFT = FTP.
The transpose of the first Piola-Kirchhoff stress tensor PT is frequently referred to
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as the nominal stress tensor. The Kirchhoff stress tensor τ = Jσ is a symmetric
stress tensor, frequently used in nonlinear FE analysis. Finally, the second Piola-
Kirchhoff stress tensor S represents an important stress measure in computational
FE analysis, in particular the formulation of constitutive equations, obtained as
S = JF−1σF−T = F−1P = F−1τF−T, (3.35)
where the second Piola-Kirchhoff stress tensor S is symmetric, i.e., S = ST. The
mechanical deformation is governed by the static equilibrium equation given as
∇ · [FS(U,X)] + b0(X) = 0 for X ∈ Ω0, (3.36)
where U(X) are the unknown displacements and b0(X) are the body forces in the
reference configuration Ω0. The domain boundary ∂Ω0 = Γ0,D ∪ Γ0,N enables the
application of Dirichlet boundary conditions
U(X) = UD(X) on Γ0,D, (3.37)
where UD(X) are prescribed displacements, and Neumann boundary conditions
FS(U,X)N(X) = T(X) on Γ0,N, (3.38)
where T(X) are prescribed surface tractions. The above definition of the mechanical
boundary-value problem facilitates the computational FE simulations in the LA.
3.2.3 Constitutive Equations
The quantification of stress states within a continuum material through the pre-
sented kinematic relations requires so-called constitutive equations, which approxi-
mate the behavior and the structure of the material. For hyperelastic materials, the
existence of a Helmholtz free-energy (strain-energy) function Ψ defined per unit ref-
erence volume is claimed. Moreover, it is assumed that the scalar-valued Helmholtz
free-energy function, i.e., the SEF, depends on the deformation gradient tensor F,








To ensure fundamental consistency in continuum mechanics, the SEF needs to fulfill
multiple restrictions. In the absence of deformation, e.g., where F = I, the strain-
energy must vanish according to Ψ = Ψ(I) = 0. Moreover, the strain-energy in the
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material increases with deformation, which requires Ψ = Ψ(F) ≥ 0. In addition,
the SEF must be objective, i.e., the strain-energy does not change under rigid body
motion. This requires the SEF to hold for
Ψ(F) = Ψ(U) = Ψ(C) = Ψ(E). (3.40)
Isotropic hyperelastic materials may be described in terms of the independent strain
invariants of the right Cauchy-Green tensor C, where its eigenvalues are the squares
of the principal stretches λ2i , with i = 1, 2, 3. Thus, the SEF can be expressed as
Ψ = Ψ[I1(C), I2(C), I3(C)], (3.41)
where the invariants are given by










[(trC)2 − tr(C2)] = λ21λ22 + λ21λ23 + λ22λ23, (3.43)







For transversely isotropic materials, a material exhibiting directional dependence,
e.g., a preferred direction denoted by f0 in the reference and f in the current con-
figuration, the so-called pseudo-invariant I4 may be used to describe the material
formulated as
I4(C, f0) = f0 ·Cf0 = C : H0 = λ2f , (3.45)
where λf is the stretch in the preferential direction and H0 = f0⊗ f0 is the structure
tensor. By means of the additional invariant I4, a SEF does not only depend on the
deformation gradient tensor F, but also on the preferred direction defined in the
reference configuration via the unit vector f0. Thus, the SEF can be postulated as
Ψ = Ψ(C,H0). (3.46)
Differentiation of the proposed SEF with respect to the right Cauchy-Green tensor C
provides an equation for the second Piola-Kirchoff stress tensor S. The application
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3.2.4 Modeling Incompressibility
Various soft biological tissues, e.g., the myocardium of the LA, can sustain finite
deformations without any noticeable volume change. Such materials are considered
incompressible, while the corresponding motion is termed isochoric. The SEF for an
incompressible material may be postulated using the hydrostatic pressure ph as
Ψ = −ph(J − 1) + Ψ(F). (3.48)
The second Piola-Kirchhoff stress tensor S for an incompressible material is calcu-
lated, e.g., using Ψ(C), as
S = −phC−1 + 2∂Ψ(C)
∂C
. (3.49)
Modeling the incompressibility in FE simulations is often performed by the appli-
cation of a compressible formulation, where the (near) incompressibility is enforced
by a penalization of a volumetric term. Therefore, the deformation gradient tensor
F is multiplicatively decomposed into a volumetric J1/3I and an isochoric F part
given by
F = (J1/3I)F = J1/3F, (3.50)
where F is the modified deformation gradient tensor. Accordingly, the modified
right and left Cauchy-Green tensor C and b may be retrieved by
C = (J2/3I)C = J2/3C and b = (J2/3I)b = J2/3b, (3.51)
respectively. Thus, the decoupled representation of the SEF may be specified as
Ψ(C) = Ψvol(J) + Ψiso(C), (3.52)
where Ψvol(J) and Ψiso(C) describe the volumetric elastic and the isochoric elastic
response of the material, respectively. The standard Coleman-Noll procedure leads
to an additive split of the stress response in (3.47). In particular, the second Piola-




= Svol + Siso, (3.53)
where the terms Svol and Siso are the purely volumetric and the purely isochoric
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where the fictitious second Piola-Kirchhoff stress tensor S and the hydrostatic pres-








The deviatoric operator is defined as Dev(•) = (•) − 1/3[(•) : C]C−1 in material
coordinates so that
DevS : C = 0. (3.56)
The constitutive equations have been defined in terms of the independent strain
invariants of the right Cauchy-Green tensor, i.e., I1, I2 and I3, as well as the so-
called pseudo-invariant, i.e., I4. Following the concept of volumetric and isochoric
splitting, these invariants need to be modified according to (3.51.1). Therefore, the
modified invariants I¯1 = trC = J
−2/3I1 and I¯4 = C : A0 = J−2/3I4 are obtained.
3.2.5 Elasticity Tensor
The computational FE implementation of nonlinear problems in finite elasticity
requires the application of incremental or iterative solution methods. The results are
obtained by solving a sequence of linearized problems using the elasticity tensor C,
which may be defined in terms of the second Piola-Kirchhoff stress tensor S or the








The elasticity tensor C possesses both minor (holds for all elastic materials) and ma-
jor (necessary and sufficient for hyperelasticity) symmetries. Following the concept
of (near) incompressibility, the decoupled representation of the elasticity tensor C
in a purely volumetric contribution Cvol and a purely isochoric contribution Ciso is








The consistent linearization is a prerequisite to preserve quadratic convergence of
the solution and important in computational FE simulations.
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3.3 Modeling Cardiac Electromechanics
In computational EM simulations, the mathematical representations of cardiac EP
and BM are interlinked. The deformation of myocardial tissue is caused by imposed
external load, e.g., intra-atrial pressure, or displacements, e.g., MV annulus dynam-
ics, and the active mechanical contraction generated in the heart muscle. Thus, the
total second Piola-Kirchhoff stress tensor S is additively decomposed according to
S = Sp + Sa, (3.59)
where Sp and Sa are the passive and active stress tensors, respectively. The passive
stress Sp in the myocardium is modeled through SEFs and calculated as presented
in (3.47). The active stress Sa due to the mechanical contraction is assumed to act
in myofiber direction f0 in the reference configuration [Augustin et al., 2016]. Thus,
Sa = Sa(f0 ·Cf0)−1f0 ⊗ f0, (3.60)
where Sa is a scalar valued active stress generated within the cardiac myocytes
(see comprehensive review article by Ambrosi and Pezzuto [2012]). Multiple active
contraction models with varying degrees of physiological detail have been published
[Land et al., 2012, Niederer and Smith, 2007, Rice et al., 2008] representing the
scalar valued active stress.
In unidirectionally, i.e., weakly, coupled EM approaches, any MEF is omitted, in
contrast to bidirectionally, i.e., strongly, coupled EM approaches, where deformation
alters the electrophysiological state of the underlying myocardium. The deformation
included, the elliptic-parabolic cast of the bidomain model in (3.17) and (3.18) is
represented as
∇ · [JF−1(σi + σe)F−T∇φe] +∇ · (JF−1σiF−T∇Vm) = 0, (3.61)
∇ · (JF−1σiF−T∇Vm) +∇ · (JF−1σiF−T∇φe) = βmIm. (3.62)
Equivalent to the EP derivation above, the simpler monodomain model in (3.23)
including the deformation is given by
∇ · (JF−1σmF−T∇Vm) = βmCm dVm
dt
+ βmIion. (3.63)
Note, in case MEF via deformation is omitted, the deformation gradient tensor F
becomes the identity matrix I and J = detF = 1 resulting in the original expressions
for the bidomain and monodomain models.
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3.4 Poisson’s and Laplace’s Equation
The vector operator ∇ dotted into itself, i.e., ∇2 = ∇ · ∇, gives the Laplacian (or
the Laplace operator), which in 3D Cartesian coordinates takes the form [Holzapfel,
2000]










The Laplacian ∇2, when applied to a scalar field Φ defined on a manifold, results in
another scalar field Ψ. The Poisson equation, an elliptic partial differential equation
(PDE), provides one example with applications in various fields of physics given as
∇2Φ = ∇ · ∇Φ = Ψ. (3.65)
For the case Ψ = 0, Poisson’s equation in (3.65) reduces to Laplace’s equation, i.e.,
∇2Φ = ∇ · ∇Φ = 0. (3.66)
The Laplace equation in (3.66) has been extensively deployed to assign the myofiber
orientation [Bayer et al., 2012] in computational FE models of the LV and the RV,
further used in Chapt. 4 to estimate the complex myofiber architecture in the LA,
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Personalized computational modeling provides a novel framework for integrating
and interpreting the combined role of EP and BM including the underlying anatomy
and microstructure in the development and progression of AF [Trayanova, 2014,
Trayanova and Chang, 2016]. Numerous atrial models of different species, vary-
ing complexity and diverse applications have been generated over the last decades
and used to investigate medical questions, however, a processing pipeline for stan-
dardized generation of personalized atrial computer models remains unavailable
[Adeniran et al., 2015, Ferrer et al., 2015, Gonzales et al., 2013, Hunter et al., 2012,
Jernigan et al., 2007, Krueger et al., 2013, McDowell et al., 2015, Moyer et al.,
2015, Satriano et al., 2013, Seemann et al., 2006, Varela et al., 2016, Zhang and
Gay, 2008, Zhao et al., 2015, 2017]. While an increased image resolution facili-
tates the generation of detailed anatomical models of the atria [Bishop et al., 2016,
Pashakhanloo et al., 2016, Zhao et al., 2015, 2017], standardized assignment of the
complex atrial myofiber architecture remains challenging. Computational studies
in the atria have demonstrated the influence of structural anisotropy on EP and
BM substantiating the importance of the atrial fiber orientation in FE simulations
[Ferrer et al., 2015, Krueger et al., 2011, 2013, Satriano et al., 2013]. Significant lim-
itations of atrial in vivo imaging, due to its thin-walled phenotype, have motivated
comprehensive anatomical and morphological ex vivo studies aiming to character-
ize the atrial fiber architecture qualitatively over the endo- and epicardial surfaces
[Cabrera et al., 2008, Ho and Sa´nchez-Quintana, 2009, Ho et al., 1999, 2002]. Ad-
ditional ex vivo quantifications of the atrial fiber orientation include serial surface
macroscopy [Zhao et al., 2012, 2013], micro-computed tomography (CT) [Stephen-
son et al., 2017, Varela et al., 2013, Zhao et al., 2015], diffusion tensor magnetic
resonance imaging (MRI) [Pashakhanloo et al., 2016] and contrast-enhanced MRI
[Zhao et al., 2017].
The majority of atrial modeling studies have incorporated the structural an-
isotropy using rule-based approaches to qualitatively represent observed fiber mor-
phologies in the literature. Due to the complex structure of the atrial fiber architec-
ture, however, applied rules have been manually attributed to specific atrial regions
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and structures [Ferrer et al., 2015, Gonzales et al., 2013, Harrild and Henriquez,
2000, Jacquemet et al., 2003, Moyer et al., 2015, Seemann et al., 2006, Tobo´n et al.,
2013, Vigmond et al., 2001]. Although the methods presented in the individual
studies have appropriately reflected the underlying atrial fiber distribution, these
approaches are not suitable for large patient cohorts. To generate personalized com-
putational models of the atria including the fiber orientation for multiple patient
geometries, a variety of rule-based semi-automatic approaches have been proposed
[Hermosillo, 2008, Krueger et al., 2011, Labarthe et al., 2012, Satriano et al., 2013,
Werner et al., 2000]. Furthermore, atlas-based methods, in which a number of dis-
tinct landmarks are used to warp an existing atrial fiber orientation defined on a
source geometry onto a particular target geometry, are becoming increasingly pop-
ular [McDowell et al., 2012, 2013, 2015, Satriano et al., 2013]. Both techniques
estimate the atrial fiber architecture, however, manual intervention will increase
intra- and interobserver variability as well as limit reproducibility. At present there
are no clinically applicable automated methods to either generate anatomically de-
tailed personalized atrial computer geometries or reliably estimate the atrial fiber
architecture in vivo.
An integrative pipeline to generate personalized computational models of the
LA suitable for FE simulations of atrial EM is presented in this chapter. Statistics-
based image segmentation of high-resolution coronary CT angiography (CTA) data
was performed and the smoothed voxel representations subsequently discretized
into high-resolution and high-fidelity tetrahedral FE meshes. Morphological data
informed the qualitative estimation of the complex left atrial fiber architecture,
primarily based on local solutions of Laplace’s equation. The automated modeling
pipeline presented in Fig. 4.1 was exercised on 3 patient cases (see Table 4.1 for
baseline demographics) who underwent clinically indicated coronary CTA at Guy’s
and St Thomas’ NHS Foundation Trust to exclude coronary artery disease.
4.1 Medical Image Acquisition
Coronary CTA data were acquired using a Philips 256 iCT scanner (Philips Health-
care, Amsterdam, Netherlands). Metoprolol, a selective β-blocker, was administered
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Figure 4.1: Personalized computational modeling pipeline for left atrial electrome-
chanics separated into the mesh generation phase (top) and the subsequently per-
formed fiber generation phase (bottom). Individual boxes illustrate representative
generation processes, while two boxes indicate processes on multiple surfaces, i.e.,
endo- and epicardium.
to achieve a heart rate of < 65 bpm for patients in sinus rhythm and < 100 bpm
for patients in AF. To dilate the coronary arteries, all patients received 0.80 mg
of sublingual nitroglycerin spray 3-5 min prior to coronary CTA acquisition. Sub-
sequent to adequate heart rate control, 90 ml of the intravenous contrast agent
Omnipaque (GE Healthcare, Princeton, United States of America), followed by
90 ml of a 35/65 contrast-to-saline mixture and 20 ml of saline chaser at a rate of
6 ml/s were power-injected into the antecubital vein. Descending aorta contrast-
triggered (120 hounsfield unit (HU)), ECG-gated scanning was then performed in
a single breath hold. The scanning parameters included heart rate dependent pitch
(0.2-0.45), gantry rotation time of 270 ms, body mass index dependent tube voltage
Sex Age [yr] Comorbidities
Patient I M 35 HLD
Patient II F 48 NIL
Patient III F 54 PAF,SSS
Table 4.1: Baseline demographics for retrospectively analyzed patient cohort. Ab-
breviations: M (male), F (female), HLD (hyperlipidemia), PAF (paroxysmal atrial
fibrillation) and SSS (sick sinus syndrome).
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of 100 or 120 kVp and a tube current of 125-300 mAs depending on the patients
thoracic circumference measurement. A step and shoot acquisition with 3 % phase
tolerance was acquired for patients with heart rates < 65 bpm. Where the heart
rate was > 65 bpm, a retrospective ECG-gated acquisition was acquired to permit
ECG-editing and reconstruction of additional systolic phases. The coronary CTA
data were reconstructed at 75% of the RR interval (most likely corresponding to
the left atrial conduit phase) using an iterative reconstruction (iDose level 4) with
0.80 mm slice thickness, 0.40 mm slice increment, 250.00 mm field of view (approx-
imate size), 512 × 512 matrix and a smooth reconstruction kernel [Donal et al.,
2016]. The outlined coronary CTA protocol specifies average image acquisition pa-
rameters and can deviate for individual patients (see Table 4.2 for individual voxel
dimensions).
4.2 Medical Image Segmentation
4.2.1 Image Segmentation
Based on the assumption of comparable radiodensities in the atrial and ventricu-
lar myocardium [Bishop et al., 2016], a regionally tagged segmentation of the LA
was generated using the software package Seg3D [Center for Integrative Biomedical
Computing, 2016]. Individual steps towards the left atrial segmentation are shown
in Fig. 4.2 highlighting several milestones. Within the image space 3 sample regions
of approximately equal size were selected in both the left ventricular myocardium
and the left atrial cavity, for which combined mean values and standard deviations












(IM,Ci − I¯M,C)2, (4.1)
respectively, where I is the voxel intensity given in HU and n is the number of com-
bined voxels in the ventricular myocardium (M) or atrial cavity (C). Coronary CTA
images were processed using a 4-point median filter to enhance the image contrast
and manually cropped to encapsulate the LA and reduce unnecessary computa-
tional overhead. The left atrial myocardium and the left atrial blood pool were
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Figure 4.2: Medical image segmentation algorithm for the left atrium highlighting
several milestones. (A) Raw coronary computed tomography angiography (CTA)
image, (B) median filtered coronary CTA image, (C) cropped coronary CTA image
space (central bright area), (D) thresholded atrial myocardium, (E) thresholded atrial
cavity, (F) mitral valve exclusion (shown at different image plane), (G) manually cor-
rected atrial cavity, (H) initial dilation of atrial cavity (representing minimum atrial
wall), (I) raw atrial myocardium, (J) automatically corrected atrial myocardium, (K)
pulmonary vein exclusion and (L) final atrial myocardium.
thresholded utilizing their corresponding statistical sample mean value reduced or
increased by 3 times the sample standard deviation, respectively. The continuous
transition between the left atrial myocardium and the left atrial blood pool required
a common threshold value chosen as the average of both statistical mean values of
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Figure 4.3: Voxel intensity histograms of the combined 6 sample regions (3 sample
regions in each, the atrial blood pool and the left ventricular myocardium) for all pa-
tients. The superimposed bars diagrams indicate the calculated personalized intensity
thresholds of the left atrial myocardium (N -) and the left atrial cavity ( -H).
the combined sample regions. Thus, the segmentation intensity thresholds were
LT = I¯M − 3σM, MT = 1
2
(¯IM + I¯C), UT = I¯C + 3σC, (4.2)
corresponding to lower threshold (LT), mid threshold (MT) and upper threshold
(UT), respectively. The voxel intensity histograms including calculated threshold
ranges are shown in Fig. 4.3 and individual threshold values are provided in Ta-
ble 4.2. Furthermore, the viable left atrial myocardium was restricted to a maximum
thickness of 3 mm to separate any neighboring structures, e.g., LV, RV, RA, Ao and
coronary sinus, with similar HUs [Do¨ssel et al., 2012, Whitaker et al., 2016]. Initial
dilation of the segmented left atrial blood pool by 1 voxel was performed to obtain a
minimum wall thickness. The subsequent iterative dilations combined with logical
operations (∩) on the viable atrial myocardium provided the raw segmentation of
the left atrial wall. Some minor cosmetic operations, e.g., smoothing and filling op-
erations, were applied to obtain the final segmentation of the left atrial myocardium
ΩMC. Standardized MV exclusion was performed utilizing a binary spherical shell
ΩSS generated by manual specification of 3 points around the MV annulus and re-
moval of voxels distal from the LA (see Fig. 4.4(A)). Within the identified plane MV
with plane normal nMV, a circumcircle with center CCC and radius rCC was calcu-
lated and the binary spherical shell center specified as CSS = CCC +1.5rCCnMV. To
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Figure 4.4: Identification and exclusion of the (A) mitral valve annulus and (B)
pulmonary veins using a binary spherical shell ΩSS and binary cylindrical disks Ω
i
CD,
respectively, upon manual definition of 3 points (red).
ensure proper MV exclusion, the inner binary spherical shell radius rISS was chosen as
the maximum distance between the binary spherical shell center CSS and the 3 man-
ually defined points increased by 10 % due to the non-circular phenotype of the MV.
The outer binary spherical shell radius rOSS resulted from the dilation of the inner bi-
nary spherical shell radius rISS by 3 voxels. Similar to the MV exclusion, PVs were




CD, with i = 1, . . . , n,
where n is the number of PVs present, by manual identification of 3 points on each
vein i and removal of voxels distal from the LA (see Fig. 4.4(B)). Again, within the
identified planes iPV with plane normals n
i
PV, circumcircles with centers C
i
CC and
radii riCC were calculated. The binary cylindrical disks Ω
i
CD were specified within
VD [mm] LT [HU] MT [HU] UT [HU] VS [cm3]
Patient I 0.35 × 0.35 × 0.40 52.26 223.97 484.26 18.18
Patient II 0.25 × 0.25 × 0.40 63.74 330.01 628.88 11.87
Patient III 0.39 × 0.39 × 0.40 89.04 314.27 566.27 6.54
Table 4.2: Medical image acquisition and image segmentation characteristics for retro-
spectively analyzed patient models. The voxel dimensions VD (prior to segmentation
smoothing and upsampling) depend on the chosen imaging parameters. The seg-
mentation intensity thresholds LT, MT and UT represent the lower, mid and upper
thresholds to identify the left atrial myocardium and the left atrial cavity, respectively,
and VS refers to the volume of the segmentation (prior to segmentation smoothing
and upsampling).
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planes iPV using the circumcircle centers C
i
CC and radii r
i
CC increased by 50 % and
a binary cylindrical disk thickness of 3 times the maximum voxel dimension. Both
geometries, the spherical shell as well as the cylindrical disks, were subsequently
employed to generate tags for the MV annulus, i.e., ΩMV = ΩMC ∩ ΩSS, and the
ends of the PVs, i.e., ΩPV = ΩMC ∩ ΩCD, while the representation of the left atrial
wall becomes ΩAW = [ΩMC ⊕ (ΩMV ∪ ΩPV)], with ⊕ denoting the XOR operation.
The medical image segmentation algorithm was validated against wall thickness
measurements at the left atrial appendage (LAA) ostium [Whitaker et al., 2017].
4.2.2 Segmentation Processing
A combined smoothing and upsampling algorithm (see Fig. 4.5) was applied to the
anatomically tagged voxel representation attenuating staircase effects and provid-
ing an isotropic segmentation with sufficient spatial resolution for computational
FE mesh generation [Crozier et al., 2016a]. While a variational method was em-
ployed to correct for low resolution artifacts of the surface, smoothing was achieved
by minimization of a high-order penalty restricting the maximum displacement of
the reference surface to 50% of the voxel size ensuring that the resulting isosurface
is within the error margin of the imaging modality. The resulting surface encom-
passing the left atrial geometry was resampled providing an image segmentation
with a consistently isotropic 100µm voxel resolution.
4.3 Finite Element Mesh Generation
4.3.1 Volumetric Mesh Generation
A high-fidelity and high-resolution mesh of the LA was created using the Octree-
based mesh generation software Tarantula (CAE Software Solutions, Eggenburg,
Austria), which builds unstructured, boundary fitted, locally refined tetrahedral FE
meshes and maps classification tags from the input segmentation onto the generated
mesh. Aggressive smoothing operations over the myocardial domain were omitted
in the meshing process to preserve the fine features of the left atrial myocardium.
Table 4.3 provides the characteristics of the individual FE meshes for all patients.
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Figure 4.5: Segmentation smoothing and upsampling process to attenuate staircase
effects and provide consistent isotropic voxel dimensions. (A) and (D) Original seg-
mentation, (B) and (E) smoothed and upsampled segmentation shifted in the image
space due to an artifact and (C) and (F) smoothed and upsampled segmentation
translated to the original location.
4.3.2 Surface Mesh Generation
Identification of the endo- and epicardium including the corresponding surface
meshes of the LA relied on a breadth-first search algorithm implemented in MATLAB
(The MathWorks, Inc., Natick, United States of America). The transferred classifi-
cation tags around the MV and the PVs on the meshes provided a stop criterion for
the breadth-first search algorithm allowing for a separation between both surfaces.
#nodes [−] #elements [−] VM [cm3] EL [µm]
Patient I 21868400 121207799 18.05 120.72
Patient II 14352781 79067310 11.79 120.84
Patient III 8736713 46154317 6.43 116.85
Table 4.3: Important finite element mesh properties including the number of nodes
#nodes, number of elements #elements, volume of the mesh VM and average element
edge length EL for analyzed patients.
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4.4 Cardiac Fiber Generation
4.4.1 Cardiac Atlas Definition
A major advantage of the proposed method to generate detailed personalized com-
putational models of the LA including the complex fiber architecture is the au-
tomated transfer of predefined landmarks from an average atrial geometry to the
personalized atrial geometry. This average atrial geometry was generated through
the combination of 30 MRI datasets and manual segmentation of the endocardium
[Tobon-Gomez et al., 2015].
4.4.2 Image Registration
Endo- and epicardial surface meshes were decimated to approximately 10% of the
reference element number using the Computational Geometry Algorithms Library
facilitating a tractable image registration [Cacciola, 2017]. The resulting surface
meshes were manually initialized to match the average atrial geometry and sub-
sequently registered using the software Deformetrica [Durrleman et al., 2014]. A
nearest neighbor approach was applied to transfer 122 predefined landmarks on
the average atrial geometry to the corresponding decimated and registered surface
mesh (the maximum potential mapping error, the average distance between nodes
of the atrial atlas and the nearest nodes on the registered surface meshes of all pa-
tients, was evaluated as 0.52 mm). During the image registration process the mesh
topology was maintained, hence a final nearest neighbor transfer of the landmarks
from the decimated to the personalized atrial surface meshes provided their loca-
tion. An additional 62 landmarks were calculated around the PVs, MV, LAA and
interatrial septum using the spatial information of already transferred landmarks.
Minor manual adjustment of individual landmarks around the PVs, MV and LAA
was performed where necessary as a consequence of the large structural variability.
4.4.3 Surface Fiber Generation
Landmarks on the left atrial surfaces constituted a predefined network of 272 aux-
iliary lines, which subdivided both endo- and epicardial surfaces into 151 atrial
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regions (see Fig. 4.6) similar to the approaches in Hunter et al. [2012] and Teh et al.
[2012]. The auxiliary lines were calculated using an implementation of the Dijkstra
algorithm applied on preselected corridors utilizing the geodesic paths between the
corresponding landmarks. Then, a region growing algorithm identified the atrial
regions Ω, on which Laplace’s equation given in (3.66) was solved within CARP us-
ing boundary conditions applied to ∂ΩI, ∂ΩII and ∂ΩR representing the bordering
auxiliary lines (see Fig. 4.6), i.e.,






The normalized gradient of the obtained scalar field ∇u/‖∇u‖ evaluated at the
surface triangle centers represented the modeled fiber orientation and estimated
the morphologically observed atrial fiber architecture. The calculated fiber vectors
were complemented with the fiber vectors of adjacent elements where necessary
to obtain a full representation of the personalized fiber field on the endo- and
epicardial surfaces of the LA. Interregional fiber smoothing using an orientation-
based neighborhood approach was applied to triangular elements in the proximity
of the auxiliary lines. Finally, out-of-plane fibers due to the smoothing procedure
were projected onto the tangential plane of the atrial surface followed by vector
normalization.
4.4.4 Transmural Fiber Generation
Fiber direction vectors for tetrahedral elements were obtained by transmural in-
terpolation (see Fig. 4.7) of the estimated surface fiber field according to a corre-
spondence map. Therefore, (3.66) was solved on the tetrahedral FE mesh Ω with
boundary conditions in (4.3) applied to ∂ΩI, ∂ΩII and ∂ΩR representing the endo-
cardial, epicardial and remaining boundary surfaces, respectively. Starting from the
tetrahedral element center, endo- and epicardial surface triangles were identified by
tracking the unit field lines evaluated as∇u/‖∇u‖. An element average of the nodal
solutions u representing the normalized transmural location φ was calculated and
utilized to evaluate an interpolation weight ωj, where j represents a mathematical
function as defined below. The influence of variable transmural microstructures on
LAT was quantified using 4 different transmural interpolation functions ωj graphi-
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Figure 4.6: Idealized unfolded representation of the endo- (left panel) and epicar-
dial (right panel) surfaces of the left atrium indicating individual landmarks (only
constituting landmarks of auxiliary lines are provided), auxiliary lines and atrial re-
gions. Boundary conditions to generate regional surface fibers are provided in red
and gray corresponding to (4.3.1) and (4.3.2), respectively, while (4.3.3) was applied
to any remaining boundary. Abbreviations: LAA (left atrial appendage), MV (mitral
valve), FO (fossa ovalis), RSPV (right superior pulmonary vein), RIPV (right infe-
rior pulmonary vein), LSPV (left superior pulmonary vein) and LIPV (left inferior
pulmonary vein).
cally shown in Fig. 4.7. Since anatomical and morphological studies have indicated
a multi-layer structure within the left atrial myocardium [Ho et al., 1999, 2002],
tough the exact number of layers remains unknown, 2-layer (4.4), 5-layer (4.5), lin-
ear (4.6) and sigmoidal (4.7) transmural fiber interpolation functions were chosen
given as
ω1(φ) =
0.00 if φ ≤ 0.501.00 if φ > 0.50 , (4.4)
ω2(φ) =

0.00 if φ ≤ 0.20
0.25 if 0.20 < φ ≤ 0.40
0.50 if 0.40 < φ ≤ 0.60
0.75 if 0.60 < φ ≤ 0.80
1.00 if φ > 0.80
, (4.5)
ω3(φ) = φ, (4.6)





respectively, where tanh represents the hyperbolic tangent. The fiber direction in
all tetrahedral elements was assigned based on the estimated direction vectors of
the corresponding surface triangles according to
f i =
(1− ωij)f iED + ωijf iEP
‖(1− ωij)f iED + ωijf iEP‖
, (4.8)
where f iED and f
i
EP denote the surface fiber direction vector on the endo- and epi-
cardium for element i, respectively. Finally, all tetrahedral element fiber direction
vectors were projected onto a plane orthogonal to the associated unit field line.
4.5 Left Atrial Fiber Distribution
The novel algorithm to estimate the left atrial fiber architecture qualitatively cap-
tured the complex arrangement of fiber bundles in the LA. Although interpatient
variation has been observed in morphological studies, the predominant features of
the left atrial fiber architecture are preserved [Ho et al., 1999, 2002, Pashakhanloo
et al., 2016].
Figure 4.7: Employed fiber interpolation functions providing an interpolation weight
ωj for each tetrahedral element dependent on the normalized transmural element
location φ evaluated at the tetrahedral element center.
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4.5.1 Endocardial Fiber Distribution
The atrial fiber structure on the anterior endocardium was dominated by the septoa-
trial bundle ascending oblique from the anterior interatrial raphe. The septoatrial
bundle split up into 3 major fascicles to encircle the LAA and combine with lon-
gitudinal fibers at the posterior portion of the LA between the PVs (see top left
comparison in Fig. 4.8). Endocardial fibers at the PV orifices transfered into a
circular fiber arrangement around all PVs, while circular fibers were also observed
around the MV and the LAA (see bottom left comparison in Fig. 4.8). An elliptical
fiber orientation was obtained at the left atrial portion of the interatrial septum
representing the fossa ovalis (FO).
4.5.2 Epicardial Fiber Distribution
The atrial fiber structure on the anterior epicardium was dominated by the sep-
topulmonary bundle (see top right comparison in Fig. 4.8) and the Bachmann’s
bundle (BB). While the fascicles of the BB, which ran parallel to the atrioventricu-
lar groove, encircled the LAA, oblique and longitudinal fibers of the septopulmonary
bundle proceeded longitudinally at the posterior wall of the LA besides fanning out
to entwine the PVs. Similar to the endocardium, circular fiber arrangements were
observed around the PVs, with the exception of longitudinal fibers at the right in-
ferior PV (RIPV) (see top right comparison in Fig. 4.8), MV and LAA (see bottom
right comparison in Fig. 4.8) on the epicardium. The complex epicardial region
around the FO was simplified, hence a longitudinal fiber orientation was obtained.
4.6 Personalized Model Generation
In this chapter, a novel pipeline to generate detailed personalized computational
models for left atrial EM requiring a minimum degree of manual intervention was
presented. A statistics-based segmentation algorithm identified the left atrial my-
ocardium in coronary CTA images and enabled the generation of geometrical mod-
els with varying transmural myocardial thickness, for which a Laplace-based algo-
rithm estimating the complex atrial fiber architecture was proposed. The modeling
pipeline was applied to 3 patients and compared to morphological images.
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Figure 4.8: Comparison between modeled left atrial fiber orientation in Patient III
and morphological images on the endocardium (left panel), shown in everted and
horizontally flipped state (cf., e.g., Ho et al. [1999] and Cabrera et al. [2008]), and
the epicardium (right panel). Specifically, comparisons on the endocardial posterior
region (top left), the endocardial left atrial appendage (bottom left), the epicardial
posterior region including the pulmonary veins (top right) and the epicardial lateral
region (bottom right) are shown. Morphological images courtesy of Dr Siew Y Ho,
Dr Karen P McCarthy and Dr Damian Sanchez-Quintana. Abbreviations: LAA (left
atrial appendage), MV (mitral valve), FO (fossa ovalis), RSPV (right superior pul-
monary vein), RIPV (right inferior pulmonary vein), LSPV (left superior pulmonary
vein) and LIPV (left inferior pulmonary vein).
4.6.1 Computational Model Generation
The proposed statistics-based atrial segmentation algorithm extends on the method
previously introduced in Bishop et al. [2016] by standardized determination of
threshold values for each patient. Conventional segmentation algorithms for the
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atria have focused on the identification of the atrial cavity not labeling the atrial
myocardium. Several studies have targeted and analyzed MRI with a relatively
low image resolution (1-2 mm) when compared to the thickness of the myocardial
wall in the LA (0.5-3 mm), which has made the segmentation of these images chal-
lenging [Whitaker et al., 2016], although recent progress has been made [Varela
et al., 2017b]. As histograms in Fig. 4.3 indicate, the voxel intensity distribu-
tions of the ventricular myocardium are consistent across the 3 patient cases and
well within the range reported for contrast-enhanced CT images [Ahn et al., 2009,
Rodr´ıguez-Granillo et al., 2010]. Furthermore, a large intra- and interpatient vari-
ability, i.e., histograms exhibiting bimodal characteristics, in voxel intensities was
observed in the blood pool reflecting a varied contrast agent concentration. This
artifact results from the coronary CTA imaging acquisition, specifically from the
image reconstruction, in which the voxel image was generated over the course of
typically 2 consecutive heart beats changing the intensity of the contrast agent as
it was pumped through the circulatory system. An identical threshold value MT
was necessary in the image segmentation to obtain a continuous transition at the
endocardial surface between the atrial myocardium and the contrast agent filled
atrial cavity. While the LT significantly influences the detection of viable atrial
myocardium, the UT removes structures with higher radiodensity, e.g., the verte-
brae. The statistics-based image segmentation algorithm proposed herein is the
first to account for the interimage variability in atrial myocardium and blood pool
intensities.
Through recent progress in medical imaging and image analysis a variety of
geometrical models of the LA have been generated [Adeniran et al., 2015, Ferrer
et al., 2015, Gonzales et al., 2013, Hunter et al., 2012, Jernigan et al., 2007, Krueger
et al., 2013, McDowell et al., 2015, Moyer et al., 2015, Satriano et al., 2013, See-
mann et al., 2006, Varela et al., 2016, Zhang and Gay, 2008, Zhao et al., 2015, 2017].
While in the majority of computational left atrial models a completely homogeneous
or regionally homogeneous myocardial wall thickness has been assumed, only more
recent studies have incorporated the variation in left atrial wall thickness [Adeniran
et al., 2015, Seemann et al., 2006, Varela et al., 2017b, Zhao et al., 2015, 2017]. In
this chapter, the first left atrial models derived from high-resolution clinical patient
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data with a heterogeneous distribution of myocardial wall thickness were presented.
Considering the transmural variation in myocardial fiber orientation, the left atrial
wall thickness represents an important structural parameter in EP [Labarthe et al.,
2013] and BM [Hunter et al., 2012]. As a consequence of the detailed representation
of the left atrial myocardium, unstructured high-resolution and high-fidelity meshes
of the LA were generated adopting the methods in Bishop et al. [2010] and Crozier
et al. [2016a]. The increased FE mesh resolution reduces the numerical error in con-
duction velocity (CV), particularly important in fibrillation studies [Niederer et al.,
2011b]. While consistent average element edge lengths of approximately 120µm
were achieved in all patients due to isotropic segmentation resampling, a large vari-
ation in myocardial tissue volume, assumed as the volume of the FE mesh, between
patients was observed (see Table 4.3). This explained the large differences in node
and element numbers between individual patients. Moreover, a discrepancy in vol-
umes between the segmentation stage (see Table 4.2) and the meshing stage (see
Table 4.3) was obtained, consistently smaller after FE mesh generation, showing
errors smaller than 1.71%. This artifact might be associated with the smoothing
and upsampling operation applied on the image segmentation. Zhao et al. [2017]
computed the left atrial tissue volume of a human female cadaver as 30.70 cm3
utilizing ex vivo contrast-enhanced MRI. The differences to measurements in Ta-
ble 4.3 could potentially be explained by the differences in left atrial wall thickness
observed when measured using different imaging modalities [Whitaker et al., 2016].
4.6.2 Computational Fiber Generation
The major advantage of the proposed method to generate detailed personalized
fiber architectures in computational models of the LA over existing approaches is
the high degree of automation. Although rule-based and atlas-based approaches
presented in the literature reflect the underlying myocardial fiber orientation [Her-
mosillo, 2008, Krueger et al., 2011, Labarthe et al., 2012, McDowell et al., 2012,
Satriano et al., 2013, Werner et al., 2000], they suffer from either increased intra-
and interobserver variability as well as limited reproducibility or are not suited for
large patient cohorts. The novel method presented here combines the advantages
of both approaches using an automated transfer of predefined landmarks from an
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average atrial geometry to a personalized atrial geometry and a priori definition of
certain rules to generate fibers. This combination of individual ideas results in a
standardized procedure providing more consistent estimates of the left atrial fiber
architecture. Moreover, the novel approach facilitates the consistent development of
both surface and volume fibers for which specific transmural interpolation functions
can be applied.
The visual comparison between the estimated left atrial fiber architecture and
the morphological images in Fig. 4.8 illustrates a qualitative structural correspon-
dence for all major fiber bundles. Although difficult, qualitative similarities in key
regions are observed when the estimated in vivo left atrial fiber architectures ob-
tained using the proposed algorithm are visually compared to fiber architectures
reported in the literature obtained using ex vivo imaging modalities. The esti-
mated left atrial myofiber orientations qualitatively match the calculated left atrial
myofiber orientations in the posterior regions reported in Zhao et al. [2015] and
Zhao et al. [2017] derived from a single specimen using micro-CT and contrast-
enhanced MRI, respectively. Pashakhanloo et al. [2016] characterized the left atrial
myofiber architecture using diffusion tensor MRI in 8 specimens revealing consistent
topologies for the major bundle structures with the estimated left atrial myofiber
architecture. Moreover, Pashakhanloo et al. [2016] reported on the detailed trans-
mural variation of fiber angles in 2 specimens utilizing 4 different regions of interest
concluding either a 2-layer myofiber structure or no transmural myofiber variation.
4.6.3 Model Generation Limitations
The proposed framework was designed to automatically generate personalized com-
putational EM models of the LA from clinical and morphological data, while full
personalization applies to the geometry only. There are inherent assumptions and
limitations associated with such a challenging task discussed below.
The generation of geometrical models from coronary CTA images via statistics-
based image segmentation relies on 3 assumptions. First, atrial and ventricular
myocardium exhibit comparable radiodensities, i.e., voxel intensities in the my-
ocardium of the LA and the left ventricle are similar. Second, structures in the
proximity of the LA have different voxel intensities such that an epicardial bound-
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ary of the LA can be detected. Third, a sufficiently thick myocardial wall in the
LA assumed to be minimum 1 voxel so that partial volume effects and motion ar-
tifacts have a negligible impact on the estimates of the myocardium. Despite these
assumptions, estimated anatomical wall thicknesses in our models are comparable
with manual measurements in CT images [Whitaker et al., 2016]. Improvements in
current CT technology, in particular the increased use of dual energy source scan-
ners, will result in increased image resolution and soft tissue contrast. This will
further minimize the impact of errors introduced by these assumptions.
The complex left atrial fiber architecture was qualitatively estimated based on
morphological images as opposed to measured from micro-CT [Stephenson et al.,
2017, Varela et al., 2013, Zhao et al., 2015], diffusion tensor MRI [Pashakhanloo
et al., 2016] or contrast-enhanced MRI [Zhao et al., 2017]. Distinct challenges
arise when attempting to assess the atrial fiber structure using diffusion tensor
MRI due to cardiac motion and a thin-walled atrial phenotype, hence this has only
been performed ex vivo, where an interpatient analysis demonstrated that the main
features of the fiber orientation are preserved [Pashakhanloo et al., 2016]. The
proposed algorithm was developed to represent all prominent fiber structures, but
some degree of simplification was required. The fiber architecture in the septal
portion of the LA, in particular the right atrial portion, is highly complex and
subjected to large interpatient variability making it impossible to define a standard
myofiber orientation. Therefore, a continuation of the fiber direction present in
the anterior right atrial septum was chosen as a standardization strategy. In goat
models the presence of persistent AF altered the myofiber architecture of the LA
[Maesen et al., 2013], while in a limited number of human atria no significant change
in the myofiber architecture was observed between AF patients and patients with
no specific atrial pathology [Pashakhanloo et al., 2016]. Further measurements of
the fiber orientation in AF patients are required to confirm and quantify potential
changes associated with AF.
Chapter 5
Influence of Myofiber Architecture
on Electrical Activation Pattern
Contents
5.1 Microscopic Cellular Electrophysiology . . . . . . . . . 72
5.2 Macroscopic Tissue Electrophysiology . . . . . . . . . . 72
5.3 Isotropic Electrophysiology Simulations . . . . . . . . . 76
5.4 Anisotropic Electrophysiology Simulations . . . . . . . 79
5.5 Left Atrial Electrical Activation Pattern . . . . . . . . 80
5.6 Limited Influence of Myofiber Architecture . . . . . . . 81
Multi-scale modeling approaches, ranging from cellular ion currents to tissue
excitation propagation, are increasingly applied to study complex phenomena such
as arrhythmias in the LA. Depending on the model details, several nonlinearly
coupled ODEs describe the cellular mechanisms underlying the human atrial AP
on the microscopic scale. Thus, multiple cellular EP models have been proposed
[Courtemanche et al., 1998, Grandi et al., 2011, Koivuma¨ki et al., 2011, Maleckar
et al., 2008, Nygren et al., 1998] and subsequently extended to represent physiolog-
ical and pathological conditions (see comprehensive review articles by Jacquemet
et al. [2008], Bers and Grandi [2011], Do¨ssel et al. [2012], Wilhelms et al. [2013] and
Trayanova [2014]). From a macroscopic perspective, the electrical current flowing
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in the intra- and extracellular spaces as well as through gap junctions and the cell
membrane can be represented using the bidomain model, a system of coupled PDEs.
Under the assumption of equal intra- and extracellular anisotropy ratios, the more
advanced bidomain model can be reduced to the simpler monodomain model. The
selection of an appropriate combination of cellular and tissue EP models remains
challenging and is strongly dependent on the specific application.
The importance of structural anisotropy on electrical activation patterns has
been demonstrated in computational EP studies [Ferrer et al., 2015, Krueger et al.,
2011]. Moreover, transmural dissociation of the endo- and epicardium in specific
atrial regions has been confirmed using simultaneous activation sequence mapping
in isolated canine hearts [Schuessler et al., 1993]. During AF, pronounced and pro-
gressive dissociation between endo- and epicardium has been observed correlating
with an increased stability and complexity of the AF substrate [Eckstein et al.,
2011]. Furthermore, transmural conduction as the predominant breakthrough me-
chanics in AF [Eckstein et al., 2013] and intramural reentry during AF [Hansen
et al., 2015] have recently been identified promoting the necessity for an increased
understanding of the influence of the transmural fiber variation on electrical acti-
vation patterns in the LA.
Computational EP simulations utilizing electromechanical FE models with dif-
ferent transmural myofiber architectures (see Chapt. 4) are performed to investigate
the influence of the myofiber architecture on the electrical activation pattern. Ad-
vanced single cell stimulation of the applied cellular EP model was performed to
obtain steady state conditions. The monodomain conductivity tensors were itera-
tively fitted to match reported CV values in the literature for both longitudinal and
transversal directions. Different options for a universal isotropic reference simula-
tion were explored to ensure a consistent comparison with anisotropic FE computer
simulations. Finally, anisotropic EP simulations were performed using models with
different transmural fiber interpolation functions to investigate their effect on the
electrical activation pattern in the LA.
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5.1 Microscopic Cellular Electrophysiology
The cellular AP of human atrial myocytes in EP simulations was represented us-
ing the Courtemanche model [Courtemanche et al., 1998], arguably one of the most
popular atrial EP models. Briefly, the model includes 3 intracellular compartments,
myoplasm, SR release compartment and SR uptake compartment, while handling
the Ca2+i , intracellular Na
+ (Na+i ) and intracellular K
+ (K+i ). The modifications
to Na+i and K
+
i suggested in Cherry and Evans [2008] and Cherry et al. [2008],
i.e., values assumed constant, were implemented. The individual implementations
of cellular EP models in different software packages and the specifications therein
utilizing reported values for state variables might lead to a distinct transient model
behavior. Thus, the Courtemanche model was paced with a transmembrane stimu-
lus current Istim = 60µA/cm
2 in a 0D environment utilizing CARP for 1000 times at
a basic cycle length of 1000 ms to reach steady state conditions. The equation sys-
tem was solved using a combination of the Forward Euler and Rush-Larsen schemes
with a time step of 10µs and all state variables were exported upon the simulation
end [Plank et al., 2008]. Figure 5.1 provides the obtained time traces for 6 state
variables over the course of the final 3 APs indicating the steady state conditions
of the cellular EP model. Performing this procedure prior to EP simulation on the
macroscopic scale is essential to ensure a consistent cellular EP response.
5.2 Macroscopic Tissue Electrophysiology
To quantify the physiological spread of electrical activation across the LA, the choice
of an adequate monodomain conductivity tensor σm introduced in (3.24) is essen-
tial. While direct measurements of electrical conductivity are routinely performed
in various engineering disciplines, the invasiveness of the procedure and restricted
access to the LA renders this endeavor nearly impossible in vivo. The exception
are surgical interventions, e.g., RFCA, however, even during these procedures con-
ductivity measurements might only be collected at a limited number of locations.
Therefore, several in vivo measurements of CV, a surrogate for conductivity un-
der certain conditions, have been performed (see comprehensive review article by
Do¨ssel et al. [2012]). The measured and reported values for CV in the literature
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Figure 5.1: Time traces for 6 state variables over the course of the final 3 action
potentials in the procedure to obtain steady state conditions for the Courtemanche
model representing cellular electrophysiology. Abbreviations: Vm (transmembrane
potential), Iion (transmembrane ionic current), Ca
2+
i (intracellular calcium concen-
tration), Ca2+up (calcium concentration in the uptake compartment), Ca
2+
rel (calcium
concentration in the release compartment) and fCa2+ (calcium-dependent inactivation
gating variable).
are almost exclusively in the longitudinal direction, i.e., in the direction of the mus-
cle fiber, while measurements in the transversal direction remain sparse. Specific
anisotropy ratios of CV are commonly assumed in simulation studies to provide
the necessary CV in the transversal direction. The CVs in the LA were chosen
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as 1.20 and 0.40 m/s in longitudinal and transversal direction, respectively, leading
to an anisotropy ratio of 3/1, well within the range of reported values for healthy
patients [Dimitri et al., 2012, Kneller et al., 2002]. The numerical errors in CV
associated with especially coarse FE mesh resolutions have been the focus of atten-
tion in multiple studies [Arthurs et al., 2012, Mendonca Costa et al., 2013, Niederer
et al., 2011a]. Although the FE meshes generated in Chapt. 4 are highly resolved
with mean element edge lengths of 120.72, 120.84 and 116.85µm for Patients I,
II and III, respectively, and only minor deviations in CV are expected, the mon-
odomain conductivity tensors σm were tuned to match the prescribed CVs. Hence,
an automated parameterization strategy to find adequate monodomain conductiv-
ities σm matching the macroscopic activation pattern and considering numerical
uncertainties was employed and is discussed below [Mendonca Costa et al., 2013].
In the particular case of planar wave front propagation along some direction ζ,
the 3D representation of the monodomain equation in (3.23) can be reduced to the




+ βmIion(Vm,η) = ∇ · (σmζ∇Vm), (5.1)





with σiζ and σeζ denoting the intra- and extracellular conductivities in direction ζ,
respectively. The CV is not directly represented in the monodomain equation in
(5.1) and hence cannot be parameterized (except for simple cell models). Under the
assumption of a continuously propagating planar wavefront, however, space ζ and
time t are related through ζ = cvζ t, where c
v
ζ is the CV in direction ζ, which enables















The membrane properties on the right hand side in (5.3) remain unchanged, thus
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The CV predicted by a certain computer simulation c¯vζ remains a function of the
monodomain conductivity in ζ-direction σmζ , the membrane surface-to-volume ratio
βm, the cellular dynamics within a cell model Iion, the spatial discretization ∆ζ
and other factors such as the employed spatio-temporal discretization method, the
convergence criteria and error tolerances collectively denoted as ξ. Hence,
c¯vζ = c¯
v
ζ(σmζ , βm, Iion,∆ζ, ξ). (5.5)
For a given FE simulation setup, Iion, ∆ζ and ξ are user-defined parameters as-
sociated with the cellular EP model, the FE mesh and the simulation software,
respectively, leaving 2 free parameters, namely σmζ and βm, which can be altered to
optimize the discrepancy between the calculated CV c¯vζ and the prescribed CV c
v
ζ .
Since only the monodomain conductivity σmζ is direction depended, the membrane
surface-to-volume ratio βm was assumed constant at 0.14 cm
−1 and σmζ modified
within an iterative refinement loop.
To parameterize the monodomain conductivity tensor σm, the 3D strand model
shown in Fig. 5.2 with dimensions Lsm ×Hsm ×Hsm was generated and discretized
using hexahedral FEs. Wavefront propagation was initiated by injection of a trans-
membrane stimulus current Istim = 100µA/cm
2 for a duration of 2 ms. The entire
left side of the 3D strand model was stimulated to initiate wave propagation and
avoid any lateral electrotonic loading, which renders the 3D simulation pseudo 1D.
The 1D monodomain model given in (5.1) was employed to simulate the electri-
cal wave propagation. The cellular EP was described using the Courtemanche
model to simulate the human atrial AP [Courtemanche et al., 1998]. The semi-
implicit Crank-Nicholson scheme with a temporal resolution of 10µs was used to
solve the electrical wave propagation. With the direction ζ corresponding to direc-
tion x in Fig. 5.2, the wave front arrival times t0 and t1 were recorded at locations
x0 = −2.50 mm and x1 = 2.50 mm by determining the instant of the maximum up-
stroke velocity of the transmembrane potential. The predicted CV was computed
as c¯vζ = (x1 − x0)/(t1 − t0).
Due to transverse isotropy assumed in the atrial myocardium, the introduced
procedure was performed in both the longitudinal and transversal directions where
results of the conductivity values are shown in Table 5.1. Utilizing the scalar
direction-depended monodomain conductivity values, the harmonic mean conduc-
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Figure 5.2: Three-dimensional strand model with dimensions Lsm×Hsm×Hsm, where
Hsm denotes the spatial discretization, i.e., the different finite element mesh resolu-
tions. Times t0 and t1 represent the wave front arrival times at locations x0 and x1,
respectively, used to compute the simulated conduction velocity c¯vζ .
tivity tensor was given by σm = diag[σml, σmt, σmt]. While identical conductivity
tensors for Patients I and II were obtained due to similar FE mesh resolutions, a
slightly different conductivity tensor was computed for Patient III. Although the
impact of this difference might be negligible, different values were applied for all
patients to ensure identical CVs.
5.3 Isotropic Electrophysiology Simulations
Following the interpretation of the estimated myofiber architecture alongside anatom-
ical and morphological images in Fig. 4.8, their incorporation in EP simulations of
the LA is immanent. While computational FE simulation aiming to investigate
the detailed activation pattern ultimately include this structural anisotropy, several
isotropic computer simulations have been performed neglecting this physiological
phenomenon. Either this simplification represents an initial approximation to pre-












Patient I 0.7436 10.5509 0.8000 0.0777 0.0861 0.8000
Patient II 0.7436 10.5509 0.8000 0.0777 0.0861 0.8000
Patient III 0.7438 10.5794 0.8000 0.0780 0.0864 0.8000
Table 5.1: Monodomain conductivity values in both the longitudinal and transversal
direction iteratively determined utilizing the method by Mendonca Costa et al. [2013].
Specifically, bulk, intra- and extracellular monodomain conductivity values are shown.
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Van Oosterom, 2003] or these computer simulations have been performed to obtain
a universal reference simulation for comparison with more sophisticated simula-
tions [Ferrer et al., 2015, Krueger et al., 2011, 2013]. There are multiple potential
approaches to mimic the isotropic electrophysiological conduction within the LA
which are briefly discussed and compared below.
Ferrer et al. [2015] compared the LATs between a heterogeneous transversely
isotropic and a heterogeneous isotropic atrial FE simulation utilizing the longi-
tudinal conduction properties also in the transversal directions. Intuitively, this
approach has led to an overall faster electrical wave propagation in the isotropic sim-
ulation and thus a shorter maximum LAT. Krueger et al. [2011] and Krueger et al.
[2013] provided results on LATs comparing heterogeneous transversely isotropic and
homogeneous isotropic atrial FE simulations utilizing a multiplicative increase of the
transversal conduction properties in the longitudinal direction for the anisotropic
FE simulations. This approach has led to an overall slower electrical wave prop-
agation in the isotropic simulation and thus a longer maximum LAT, strictly the
opposite of what Ferrer et al. [2015] reported.
Besides using isotropic monodomain conductivity tensors, where the ultimate ar-
rangement of atrial myofibers remains indifferent, anisotropic monodomain conduc-
tivity tensors combined with random atrial myofibers could be employed. The dif-
ferences in LATs between a similar approach as suggested in Ferrer et al. [2015], sub-
sequently denoted as estimated interpolation, and the approach of using anisotropic
monodomain conductivity tensors combined with random atrial myofibers, subse-
quently denoted as random interpolation, are investigated in the following. The
utilized random myofiber distribution in the LA was generated by assigning ran-
dom values of the standard uniform distribution in the interval [−1; 1] for the vector
components in x-, y- and z-direction. The randomly distributed fiber orientation
vectors in the LA were normalized, however, projection onto a plane orthogonal to
the associated unit field line, as performed in Chapt. 4, was omitted. In the uni-
versal reference simulations with random interpolations, the transversely isotropic
conductivities shown in Table 5.1 were employed, while for simulations with esti-
mated interpolations, the longitudinal conduction properties were also assigned in
the transversal directions. The FE simulation parameters in CARP with respect to
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solver settings as well as cellular and tissue EP were identical to Sects. 5.1 and 5.2,
respectively. Recalling them briefly for completeness, cellular EP was described
using the Courtemanche model to simulate the human atrial AP [Courtemanche
et al., 1998], while tissue EP was described using the monodomain model in (3.23)
to simulate the spread of electrical activation in the myocardium of the LA. The
CVs in the LA were chosen as 1.20 and 0.40 m/s in the longitudinal and transversal
directions [Dimitri et al., 2012, Kneller et al., 2002], respectively, and the corre-
sponding monodomain conductivity tensor σm iteratively fitted using the method
described in Mendonca Costa et al. [2013]. CARP was employed to numerically
solve (3.23) via the FE method using a global time step of 10µs. Regionally con-
fined epicardial stimulation around the BB was applied to mimic the physiological
signal transduction from the right atrium [Markides et al., 2003]. The LAT was
recorded once the transmembrane potential Vm exceeded a threshold of −20 mV.
Figure 5.3 shows the LATs using the different approaches, the random and the
estimated interpolation simulations, to generate universal EP references simulations
for analyzed patients. The maximum LATs in the random interpolation simulations
were calculated as 111.31, 106.43 and 88.95 ms in Patients I, II and III, respectively,
while the maximum LATs in the estimated interpolation simulations were predicted
as 70.70, 67.47 and 55.80 ms in Patients I, II and III, respectively. This indicates
a consistent increase in the maximum LAT of 57.44, 57.74 and 59.39 % in Patients
I, II and III, respectively. While all universal EP reference simulations showed
a distinct circular spread of electrical activation around the stimulus region, the
overall electrical wave propagation occurred much faster in the estimated interpo-
lation simulation with isotropic conduction properties. Thus, the particular choice
of a universal EP reference simulation is not trivial since it ultimately changes the
comparison between EP simulations. Focusing on the influence of the complex my-
ofiber architecture in the LA, the random interpolation simulation using anisotropic
conduction properties seems better suited as a universal EP reference simulation.
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Figure 5.3: Anterior (top rows) and posterior (bottom rows) perspective of analyzed
patients showing the local activation time for the universal electrophysiology reference
simulations using the random fiber interpolation and anisotropic conduction proper-
ties as well as the estimated fiber interpolation and isotropic conduction properties.
Isochrones are provided in 10 ms intervals and individual patient images are not to
scale.
5.4 Anisotropic Electrophysiology Simulations
With the isotropic universal EP reference simulations obtained, anisotropic EP
simulations utilizing the electromechanical FE models generated in Chapt. 4 with
4 different transmural myofiber architectures for each patient were performed and
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subsequently compared. Again, the FE simulation parameters in CARP with re-
spect to solver settings as well as cellular and tissue EP were identical to Sects. 5.1
and 5.2, respectively, facilitating the comparison.
5.5 Left Atrial Electrical Activation Pattern
Latest activation in all patients occurred in the isotropic reference simulation with
a maximum LAT of 111.31, 106.43 and 88.95 ms for Patients I, II and III, respec-
tively. When only considering the anisotropic EP simulations, maximum LATs
of 102.60 and 86.11 ms were observed utilizing the linear transmural interpolation
function ω3(φ) in Patients I and III, respectively, while in Patient II a maximum
LAT of 85.62 ms was predicted using the 2-layer transmural fiber interpolation
function ω1(φ). Figure 5.4 provides the individual differences in LATs between
the anisotropic EP simulations using the different transmural interpolation func-
tions and the corresponding isotropic universal EP reference simulation; symbols
F, , ♠ and ♣ denote the LAT differences between the 2-layer, 5-layer, linear and
sigmoidal interpolation simulations compared to the isotropic simulation, respec-
tively. The maximum range of LAT differences was consistently observed between
the anisotropic simulation using the linear interpolation function ω3(φ) and the
isotropic reference simulation. These ranges were calculated as 58.98, 55.04 and
47.61 ms for Patients I, II and III, respectively. The regional activation times, an
average of LATs within specific regions, were calculated at the myocardial sleeves
of the PVs on the endo- and epicardium, where only small differences were observed
as a consequence of the relatively thin myocardial wall. The EP models predicted
ranges of 41.11-45.98, 40.93-51.41, 42.52-58.18 and 55.26-76.07 ms for the right su-
perior PV (RSPV), RIPV, left superior PV (LSPV) and left inferior PV (LIPV),
respectively, where an increasing range corresponds to an increasing distance of the
specific region from the initial stimulation site.
Figures 5.5 and 5.6 show the anterior and posterior perspective of the anisotropic
simulations and the corresponding isotropic reference simulation for analyzed pa-
tients color-coded according to the calculated LAT. Isochrones of the LAT are
provided in 10 ms intervals indicating large differences in the LAT and activation
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Figure 5.4: Differences in local activation times between the anisotropic electrophys-
iology simulations and the corresponding isotropic reference simulation within all
patients; symbols F, , ♠ and ♣ indicate differences between the 2-layer, 5-layer, lin-
ear and sigmoidal interpolation simulations compared to the corresponding isotropic
simulation, respectively. Boxes in the figure indicate the first and third quartile, while
the red line represents the second quartile and the whiskers indicate the data range.
wave front shape between both EP simulation approaches. While the isotropic
reference simulation showed a circular spread of electrical activation around the
stimulus region, the effect of the myocardial fiber arrangement became apparent in
the anisotropic simulation leading to an elliptical activation spread. Moreover, the
activation wave front exhibited a skewed shape due to different fiber directions on
the endo- and epicardium.
5.6 Limited Influence of Myofiber Architecture
The performed EP simulations predicted consistently longer maximum LATs for
the isotropic reference simulations when compared to anisotropic simulations. The
alignment of the fiber orientation with the activation direction leads to faster
anisotropic simulations, consistent with findings in Krueger et al. [2011] and Krueger
et al. [2013] comparing a homogeneous isotropic and a heterogeneous anisotropic
biatrial model. Similar LATs for anisotropic simulations using different transmural
fiber interpolation functions within each patient suggest a negligible effect of the
transmural fiber architecture on the activation pattern. The obtained maximum
LATs in all patients for physiological conditions, i.e., anisotropic EP simulations,
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Figure 5.5: Anterior perspective of analyzed patients showing the local activation
time for isotropic and anisotropic electrophysiology simulations utilizing the 2-layer,
5-layer, linear and sigmoidal transmural fiber interpolation schemes. Isochrones are
provided in 10 ms intervals and individual patient images are not to scale.
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Figure 5.6: Posterior perspective of analyzed patients showing the local activation
time for isotropic and anisotropic electrophysiology simulations utilizing the 2-layer,
5-layer, linear and sigmoidal transmural fiber interpolation schemes. Isochrones are
provided in 10 ms intervals and individual patient images are not to scale.
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were slightly longer than clinically measured LATs in the LA for patients with an
AF history (cf., e.g., 86 ± 19, 81 ± 10 and 75.4 ± 16.6 ms in Lemery et al. [2007],
Chang et al. [2007] and Choi et al. [2010], respectively). This could potentially be
explained by either the insufficient resolution in clinical measurements, particularly
in the LAA, or the assumptions of using a single stimulus site as well as homo-
geneous cellular and tissue properties in EP simulations. Moreover, AF-induced
electrical and structural remodeling can prolong the maximum LAT in the LA
[Schotten et al., 2011]. The calculated regional activation time ranges correspond
with the measured ranges in Lemery et al. [2007] (cf., 44, 47-52, 58-68 and 70-80 ms
for the RSPV, RIPV, LSPV and LIPV, respectively, following the subtraction of
the LAT at earliest LA activation) providing an additional EP model validation.
The isotropic EP simulations were conducted utilizing anisotropic monodomain
conductivity tensors σm combined with random fiber architectures to remove the
preferential conduction on the macroscopic scale. Homogeneous EP at the cellular
and tissue level was assumed throughout the LA providing standardized FE simu-
lation conditions isolating the effect of the transmural fiber architecture. Different
regions in the LA such as the BB, PVs, LAA and MV exhibit distinct electrophys-
iological properties and would need to be included to obtain a more physiological
activation pattern [Do¨ssel et al., 2012]. In addition, a single electrical stimulus was
applied in the area of the BB, while the electrical signal might enter the LA on
multiple sites [Markides et al., 2003] potentially decreasing the obtained maximum
LATs in EP simulations.
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Mechanical strain and strain rate have been identified as contributing factors
for atrial pathologies and are associated with AF [Parwani et al., 2017, Tsai et al.,
2009, Walters et al., 2016] (see Appx. A). Short-term, dynamic changes in localized
strain can alter the cellular EP of the atria through SACs. Long-term, strain is a
potential driver for electrical, mechanical and electromechanical remodeling in the
atria. Furthermore, left atrial wall stress has been associated with electrophysiolog-
ical remodeling in persistent AF patients [Hunter et al., 2012]. Mechanical stress
and strain are directly related via the mathematical description of the underlying
material, i.e., the SEF, thus myocardial wall thickness is expected to play a signif-
icant role in regional stress pattern. To investigate the link between localized wall
stress and wall thickness in the LA, BM models of the LA were developed and are
presented in the following. Passive inflation modeling the reservoir phase of the
LA was performed and the spatial correlation between calculated mechanical wall
stress and calculated myocardial wall thickness was examined.
6.1 Characterization of Mechanical Material Be-
havior
Computational FE modeling of left atrial BM requires a description of the me-
chanical material behavior of the myocardium in the LA, encoded in a constitutive
equation. Multiple SEFs for ventricular myocardium have been proposed [Costa
et al., 1996, Guccione et al., 1991, Holzapfel and Ogden, 2009, Hunter et al., 1997]
and personalized to clinical data [Crozier et al., 2016b,c, Niederer et al., 2011b,
2012b]. While the fundamental notions behind the ventricular SEFs also hold for
the LA, the material parameters for these SEFs need to be derived from mechanical
measurements of left atrial myocardium.
The attempts to characterize the mechanical material behavior of the myocardium
in the LA, particularly in humans, are sparse. Jernigan et al. [2007] performed uni-
axial mechanical tension tests on porcine left atrial tissue and harvested specimens
at the anterior and posterior LA as well as the LAA in 10 pigs. Each specimen was
excised in alignment with or perpendicular to the local myofiber direction based
on visual inspection of the exterior surface of the LA. The results showed that the
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obtained stress-strain relationships in fiber direction were not significantly different
compared to directions perpendicular to it, hence Jernigan et al. [2007] concluded
an isotropic mechanical material behavior. Jernigan et al. [2007] characterized the
mechanical material behavior of the LA using the Mooney-Rivlin model [Mooney,
1940, Rivlin, 1948b], an isotropic hyperelastic SEF, and compared the results to me-
chanical measurements on rabbit papillary muscle and left ventricular myocardium
concluding similar stress-strain responses. Bellini and Di Martino [2012] performed
biaxial mechanical tension tests on 16 porcine atria in either healthy controls or
after ventricular tachypacing. Assuming interspecies similarities of the atrial fiber
architecture between rabbits and pigs, tissue specimens were harvested at the an-
terior and posterior LA as well as the LAA so that edges maintained parallel to
the 2 orthogonal fiber directions observed in rabbit atria using polarized light mi-
croscopy. Bellini and Di Martino [2012] characterized the mechanical material be-
havior of the LA using the Holzapfel model [Holzapfel et al., 2000] and the Fung
model [Fung et al., 1979], anisotropic hyperelastic SEFs, as well as the neo-Hookean
model [Rivlin, 1948a], an isotropic hyperelastic SEF, and reported an increase in
mechanical material stiffness in the LA after ventricular tachypacing. Bellini et al.
[2013] performed biaxial mechanical tension tests on human left atrial tissue and
harvested specimens at the anterior and posterior LA as well as the LAA in 9 ca-
davers. Similar to Bellini and Di Martino [2012], tissue specimens were harvested
so that edges maintained parallel to the 2 orthogonal fiber directions observed in
rabbit atria using polarized light microscopy. Bellini et al. [2013] characterized the
mechanical material behavior using a novel Fung-type model, an anisotropic hyper-
elastic SEF, and additionally represented the mechanical material stiffness using an
equivalent shear modulus. The data collected by Bellini et al. [2013] are the only
measurements of the mechanical material behavior in the human LA to date.
In all previous studies to characterize the mechanical material behavior in the
LA, a transmurally continuous distribution of either 1 or 2 myofiber directions has
been assumed not considering the layered structure of the LA. Moreover, identical
transmural fiber architectures have been assumed at different spatial locations in the
LA not consistent with anatomical and morphological studies [Ho et al., 1999, 2002,
Pashakhanloo et al., 2016]. Thus, a reinterpretation of the data collected by Bellini
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et al. [2013] was performed and the mechanical material behavior characterized
using nonlinear hyperelastic SEFs incorporating the local microstructure of the
myocardium in the LA [Eriksson et al., 2013, Gasser et al., 2006, Holzapfel and
Ogden, 2009, Holzapfel et al., 2000].
6.1.1 Biaxial Mechanical Tension Tests
The specific details on the experimental biaxial mechanical tension tests including
the subsequently performed data processing are provided in Bellini and Di Martino
[2012] and Bellini et al. [2013]. For completeness, key aspects such as the specimen
preparation, experimental protocol and data averaging procedure are summarized
in the following.
Specimen Preparation
The RA and the LA of 9 cadavers, in which the cause of death was not directly
related to cardiovascular diseases, were extracted and preserved in isoosmotic Ty-
rode’s solution at 4°C. The specimens of the LA for biaxial mechanical tension tests,
i.e., anterior, posterior and appendage specimens, were excised so that edges main-
tained parallel to the 2 orthogonal fiber directions observed in rabbit atria using
polarized light microscopy adjusted based on visual inspection. The specimen edge
lengths and thickness were measured in triplicate using a caliper and a micrometer,
respectively, and subsequently averaged. For optical tracking during the biaxial
mechanical tension tests, 5 graphite markers were glued onto the specimen surfaces
to allow the deformation measurements.
Experimental Protocol
The characterization of the mechanical material behavior in the LA via biaxial
mechanical tension tests was performed using the test device described in Sacks
[2000]. To remove residual bucking in the tissue specimens, a preload of 10 mN was
applied. The experimental protocol comprised 10 loading-unloading cycles with
the maximum load depending on the respective direction and individual protocol.
While the initial 9 loading-unloading cycles served as preconditioning [Tong et al.,
2011], the experimental data from the last loading-unloading cycle were used for
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the characterization of the mechanical material behavior. The loads were imposed
as distributed tensions using 5 different ratios T2/T1, i.e., 1.00/0.50, 1.00/0.75,
1.00/1.00, 0.75/1.00 and 0.50/1.00. The distributed tensions were ramped with a
half cycle length of 20 s corresponding to an approximate strain rate of 0.30 mm/s.
Average Mechanical Material Behavior
Computational FE modeling of left atrial BM requires a description of the me-
chanical material behavior of the myocardium in the LA. The specimen-specific
constitutive parameters lack generality as they represent the mechanical material
behavior of a specific specimen rather than the average mechanical material be-
havior of the LA [Bellini and Di Martino, 2012]. The arithmetic mean or the
median of individual constitutive parameter sets are not suitable either due to the
highly nonlinear mechanical material behavior of the myocardium in the LA [Nies-
trawska et al., 2016, Sommer et al., 2013]. To characterize the average mechanical
material behavior in the LA, average stress-strain relationships for the different
spatial locations and loading protocols were generated form the raw experimental
data. Therefore, acquired data of Green-Lagrange strains Eii, with ii = 11, 22, and
corresponding distributed tensions Ti, with i = 1, 2, were approximated for each
individual protocol applied to each individual specimen using
Ti = c1 exp(c2Eii), (6.1)
where c1 and c2 are constants obtained using the polynomial curve fitting method
in MATLAB (The MathWorks, Inc., Natick, United States of America) applied to
ln(Ti) = ln(c1) + c2Eii. (6.2)
Based on the constants, Green-Lagrange strains Eeqd,ii were calculated at equally
spaced distributed tension intervals Teqd,i. The individual curves referring to the
same spatial location and loading protocol were averaged, i.e., Tavg,i and Eavg,ii, and











where n is the number of specimens and Hs,j the individual specimen thickness.
The average Green-Lagrange strain tensor Eavg was associated with the average
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(FTavgFavg − I), with Favg,ii =
√
2Eavg,ii + 1, (6.4)
utilized to transfer the average first Piola-Kirchhoff stress tensor Pavg into the av-




The relationships between the average second Piola-Kirchhoff stress Savg and the
average Green-Lagrange strain Eavg, specific to the specimen location and loading
protocol, were fitted utilizing the procedure outlined in Sect. 6.1.2.
6.1.2 Mechanical Material Characterization
The reinterpretation of the biaxial mechanical tension test data collected by Bellini
et al. [2013] characterizing the mechanical material behavior of the human LA was
based on anatomical and morphological images describing the myocardial tissue
microstructure at the specimen location. These structural images (see Fig. 4.8) have
already informed the model generation procedure in Chapt. 4 and their application
in the mechanical material characterization ensured consistency between the biaxial
mechanical tension tests and BM simulations. The myocardial specimens in the
biaxial mechanical tension test were modeled using a 2-layer material composite
(see Fig. 6.1) for the anterior and posterior location in the LA facilitating the
derivation of an analytical solution. Due to the complex myofiber architecture in
the LAA, the alignment of the biaxial test specimens becomes questionable, hence
these data were not included in the fitting procedure. While the myocardial fiber
orientation on the endocardium in the anterior wall of the LA is predominantly
in the longitudinal direction, the myocardial fiber orientation on the epicardium is
circumferential (see Fig. 4.8). In the posterior wall of the LA the myofibers run in
longitudinal direction on both the endo- and epicardium (see Fig. 4.8).
The biaxial mechanical tension test specimens (see Fig. 6.1) were modeled as a







variable thickness, i.e., H1 = ζ1H and H2 = ζ2H, where ζ i, with i = 1, 2, is the
thickness fraction and ζ1 + ζ2 = 1 holds. Under the assumption of a homogeneous
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Figure 6.1: Idealized models of the specimens in the biaxial mechanical tension test
indicating the myofiber orientation according to anatomical and morphological data
at the anterior (left panel) and posterior (right panel) wall of the left atrium. The
longitudinal direction corresponds to 2-direction and 1-direction in the anterior (left
panel) and posterior (right panel) model, respectively, for consistency with Bellini
et al. [2013].
deformation throughout the myocardial specimens, the deformation gradient tensors
in both material layers were identical, i.e., F1 = F2, and the deformation continuity
condition at the material layer interface
F1 − F2 = w ⊗N, (6.6)
where w = (F1 − F2)N is the amplitude vector and N is the material interface
normal, was satisfied [DeBotton, 2005, DeBotton and Shmuel, 2009]. Hence, the











the corresponding deformation gradient tensor was expressed as
F = diag[λ1, λ2, λ3]. (6.7)
Human atrial myocardium was assumed isochoric, i.e., det(F) = λ1λ2λ3 = 1, leading
to expression λ3 = (λ1λ2)
−1. Thus,
F = diag[λ1, λ2, (λ1λ2)
−1]. (6.8)
The passive mechanical material behavior of an individual myocardial layer i in
the human LA was described utilizing a transversely isotropic SEF, i.e., Ψi(C),
with i = 1, 2, expressed in terms of the right Cauchy-Green tensor C. Hence, the
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where φi, with i = 1, 2, is the volume fraction of each compartment and φ1 +
φ2 = 1 holds. The second Piola-Kirchhoff stress components Sijj in each layer were
additively combined using their respective volume fraction φi, while mathematical
justification is provided in the following. The equilibrium of forces at the 2-layer
material composite boundary (see Fig. 6.1) for both directions, i.e., 1-direction and











where fj, with j = 1, 2, are the measured forces and f
j
i , with i, j = 1, 2, are the
reaction forces in the myocardial layers. The non-zero components of the first















with geometrical parameters introduced above (see Fig. 6.1). Since the specimen







fractions ζ i were replaced using the volume fractions φi. Recalling expression (3.35),
the above equations were expressed as the non-zero components of the second Piola-

































In contrast, the analogous relations in Bellini et al. [2013] not considering a 2-layer










The comparison of coefficients between (6.16) and (6.18) as well as (6.17) and (6.19)
supported the additive combination of second Piola-Kirchhoff components using the
respective volume fractions.
The characterization of the mechanical material behavior in the LA was based on
the assumption of a 2-layer material composite of homogeneous and incompressible
myocardium, with contributions of an isotropic ground matrix and an anisotropic
myofiber architecture, i.e.,
Ψ = Ψiso + Ψaniso, (6.20)
rendering the overall mechanical material behavior in the LA transversely isotropic
[Holzapfel et al., 2000]. The mechanical fitting procedure was performed using 2
different SEFs and the individual results were compared to accurately represent the
experimentally obtained mechanical material behavior. Analytic expressions for the
second Piola-Kirchhoff stress tensor S are derived and suitable cost functions are
proposed in the following to enable the mechanical fitting procedure using the non-
linear least squares method. Therefore, recalling expression (3.49) and expansion
using (6.9) led to
S = −phC−1 + 2∂Ψ(C)
∂C










where Ψ1(C) and Ψ2(C) are the SEFs in the material composite layers 1 and 2,
respectively. Expansion of (6.21) using the chain rule led to




























providing a general expression for the second Piola-Kirchhoff stress tensor S in the
2-layer material composite. The derivatives of I1,i and I4,i, where i = 1, 2, with






= f0 ⊗ f0, (6.23)
where f0 is the myofiber direction in the reference configuration and ⊗ denotes
the tensor product. The compared SEFs, where (6.24) assumes perfect myofiber




{exp[b(I1 − 3)]− 1}+ af
2bf
{exp[bf(I4 − 1)2]− 1}, (6.24)




{exp[b(I1 − 3)]− 1}+ af
2bf
{exp[bf(κI1 + (1− 3κ)I4 − 1)2]− 1}, (6.25)
where a, b, af , bf and κ are the constitutive parameters to obtain in the mechanical
fitting procedure.
Analytic Expressions for Strain-Energy Function ΨF
The derivatives of the SEF provided in (6.24), ΨF, with respect to the constituting
invariants, i.e., ∂ΨiF/∂I1,i and Ψ
i






exp[b(I1,i − 3)], (6.26)
∂ΨiF
∂I4,i
= af(I4,i − 1) exp[bf(I4,i − 1)2], (6.27)
which together with (6.22) provided
Sa11 =− phC−111 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ2af(I4,2 − 1) exp[bf(I4,2 − 1)2], (6.28)
Sa22 =− phC−122 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af(I4,1 − 1) exp[bf(I4,1 − 1)2], (6.29)
Sa33 =− phC−133 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)], (6.30)
where C−1ii , with i = 1, 2, 3, represent the diagonal components of the inverted right
Cauchy-Green tensor. Assuming no traction on the specimen surface, i.e., Sa33 = 0,





φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
}
(6.31)
and insertion in (6.28) and (6.29) provided
Sa11 =φ














+ 2φ2af(I4,2 − 1) exp[bf(I4,2 − 1)2], (6.32)
Sa22 =φ














+ 2φ1af(I4,1 − 1) exp[bf(I4,1 − 1)2]. (6.33)
Equivalent to the anterior biaxial mechanical tension test specimen, the components
of the second Piola-Kirchhoff stress tensor S for the posterior biaxial mechanical
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tension test specimen were derived using (6.22), (6.26) and (6.27) given as
Sp11 =− phC−111 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af(I4,1 − 1) exp[bf(I4,1 − 1)2] + 2φ2af(I4,2 − 1) exp[bf(I4,2 − 1)2], (6.34)
Sp22 =− phC−122 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)], (6.35)
Sp33 =− phC−133 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)], (6.36)
where C−1ii , with i = 1, 2, 3, represent the diagonal components of the inverted right
Cauchy-Green tensor. Assuming no traction on the specimen surface, i.e., Sp33 = 0,





φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
}
, (6.37)
identical to (6.31), and insertion in (6.34) and (6.35) provided
Sp11 =φ














+ 2φ1af(I4,1 − 1) exp[bf(I4,1 − 1)2] + 2φ2af(I4,2 − 1) exp[bf(I4,2 − 1)2], (6.38)
Sp22 =φ















Analytic Expressions for Strain-Energy Function ΨE
The derivatives of the SEF provided in (6.25), ΨE, with respect to the constituting
invariants, i.e., ∂ΨiE/∂I1,i and Ψ
i







+ af [κI1,i + (1− 3κ)I4,i − 1]κ exp[bf(κI1,i + (1− 3κ)I4,i − 1)2], (6.40)
∂ΨiE
∂I4,i
=af [κI1,i + (1− 3κ)I4,i − 1](1− 3κ) exp[bf(κI1,i + (1− 3κ)I4,i − 1)2], (6.41)
which together with (6.22) provided
Sa11 =− phC−111 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1]κ exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1]κ exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1](1− 3κ) exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2],
(6.42)
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Sa22 =− phC−122 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1]κ exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1]κ exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1](1− 3κ) exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2],
(6.43)
Sa33 =− phC−133 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1]κ exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1]κ exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2], (6.44)
where C−1ii , with i = 1, 2, 3, represent the diagonal components of the inverted right
Cauchy-Green tensor. Assuming no traction on the specimen surface, i.e., Sa33 = 0,





φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1]κ exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1]κ exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2]
}
(6.45)
and insertion in (6.42) and (6.43) provided
Sa11 =φ




























+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1](1− 3κ) exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2],
(6.46)
Sa22 =φ




























+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1](1− 3κ) exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2].
(6.47)
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Equivalent to the anterior biaxial mechanical tension test specimen, the components
of the second Piola-Kirchhoff stress tensor S for the posterior biaxial mechanical
tension test specimen were derived using (6.22), (6.40) and (6.41) given as
Sp11 =− phC−111 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1]κ exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1]κ exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1](1− 3κ) exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1](1− 3κ) exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2],
(6.48)
Sp22 =− phC−122 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1]κ exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1]κ exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2], (6.49)
Sp33 =− phC−133 + φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1]κ exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1]κ exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2], (6.50)
where C−1ii , with i = 1, 2, 3, represent the diagonal components of the inverted right
Cauchy-Green tensor. Assuming no traction on the specimen surface, i.e., Sp33 = 0,





φ1a exp[b(I1,1 − 3)] + φ2a exp[b(I1,2 − 3)]
+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1]κ exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1]κ exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2]
}
(6.51)
identical to (6.45), and insertion in (6.48) and (6.49) provided
Sp11 =φ




























+ 2φ1af [κI1,1 + (1− 3κ)I4,1 − 1](1− 3κ) exp[bf(κI1,1 + (1− 3κ)I4,1 − 1)2]
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+ 2φ2af [κI1,2 + (1− 3κ)I4,2 − 1](1− 3κ) exp[bf(κI1,2 + (1− 3κ)I4,2 − 1)2],
(6.52)
Sp22 =φ






























The constitutive equations ΨF and ΨE introduced in (6.24) and (6.25), respec-
tively, represented the human myocardium in the biaxial mechanical tension test
models of the LA shown in Fig. 6.1. The capacity of the proposed SEFs to rep-
resent the experimental data in Bellini et al. [2013] was analyzed. The nonlinear
least squares problems associated with the characterization of the mechanical ma-
terial behavior in the LA were solved in MATLAB (The MathWorks, Inc., Natick,
United States of America) subsequent to initial data cleaning, while scaled ΓS(Φ)
and non-scaled ΓN(Φ) objective functions were proposed. The non-scaled objective
function used in the minimization problem was given as
arg min
Φ










‖Sdata − Smodel‖2 , (6.54)
where i = a, p denotes the anterior and posterior specimen locations in the LA,
respectively, j = S11, S22 represents the components of the second Piola-Kirchhoff
stress tensor in directions 1 and 2, respectively, k = P1,P2,P3,P4,P5 indicates the
different biaxial mechanical tension test protocols, n(i, j, k) is the number of data
points recorded after data averaging and Φ is the material parameter set for the
















The scaling enforces weighting based on relative differences rather than absolute
differences representing the data points n(i, j, k) equally. In the nonlinear least-
squares problem the volume fraction φ1 was constrained according to φ1 ∈ [0.1, 0.9]
enforcing the representation of both the endo- and epicardial material layer in the
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biaxial mechanical tension test model. The dispersion parameter κ in (6.25), i.e.,
ΨE, was constrained according to κ ∈ [0, 1/3], while all other material parame-
ters remained unconstrained, however, are required to be positive. The quality by
which the compared SEFs represent the experimental data was evaluated using the
coefficient of determination R2 calculated as
R2 = 1−
∑ ‖Sdata − Smodel‖2∑∥∥Sdata − S¯data∥∥2 , (6.56)
with S¯data = (1/n)
∑
Sdata denoting the mean of the experimentally measured data.
6.1.3 Interpretation of Mechanical Material Behavior
Table 6.1 provides the material parameter sets obtained in the nonlinear least
squares problems for the different SEFs introduced in (6.24) and (6.25) and both
objective functions Φ. Consistently larger R2 values of 0.74 were obtained using the
objective function ΓN(Φ), i.e., without data scaling, in comparison to 0.64 and 0.63
when the objective function ΓS(Φ), i.e., with data scaling, was applied. The perfor-
mance of the SEF including fiber dispersion ΨE was sightly better when compared
to the non dispersed version ΨF, cf., 0.64 vs. 0.63 and 0.74 vs. 0.74 for R
2 values.
For all cases, the volume fraction φ1 was calculated as 0.10 leading to a volume
fraction φ2 of 0.90 indicating a more pronounced weighting towards layer 2, the
epicardial layer. Figures 6.2-6.5 show the experimental data after data averaging
and the corresponding mechanical material behavior of the LA obtained during the
nonlinear optimization problem.
a [kPa] b [-] af [kPa] bf [-] κ [-] φ
1 [-] R2 [-]
ΨΓNF 3.02 5.83 4.47 5.93 - 0.10 0.74
ΨΓSF 2.35 6.74 1.89 5.91 - 0.10 0.63
ΨΓNE 2.92 5.60 11.84 17.95 0.17 0.10 0.74
ΨΓSE 1.74 4.76 75.59 41.86 0.30 0.10 0.64
Table 6.1: Constitutive model parameters obtained in the nonlinear optimization
problems to characterize the mechanical material behavior in the left atrium using
biaxial mechanical tension test data of human atria and the strain-energy functions
in (6.24) and (6.25) with ΨΓSi and without Ψ
ΓN
i data scaling.
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Figure 6.2: Experimental data (dashed lines) with the corresponding material model
fit (solid lines) utilizing the combination ΨΓNF at the anterior and posterior location.
Figure 6.3: Experimental data (dashed lines) with the corresponding material model
fit (solid lines) utilizing the combination ΨΓSF at the anterior and posterior location.
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Figure 6.4: Experimental data (dashed lines) with the corresponding material model
fit (solid lines) utilizing the combination ΨΓNE at the anterior and posterior location.
Figure 6.5: Experimental data (dashed lines) with the corresponding material model
fit (solid lines) utilizing the combination ΨΓSE at the anterior and posterior location.
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According to anatomical and morphological images, the left atrial myofiber ar-
chitecture fundamentally differs between the anterior and posterior portion of the
LA (see Fig. 4.8). While the location of the posterior specimens in Bellini et al.
[2013] seems well defined, the location of the anterior specimens was subjected to
more ambiguity owing to any neighboring anatomical structures. At the indicated
location of the posterior specimens a single myofiber direction running longitudi-
nally is observed on both the endo- and epicardium, thus represented in the biaxial
mechanical tension test model (see Fig. 6.1). Oblique myofibers ascending from the
anterior interatrial raphe are observed on the endocardium of the anterior region
of the LA, in contrast to the epicardium where the BB runs parallel to the atri-
oventricular groove, both represented in the biaxial mechanical tension test model
(see Fig. 6.1). The visual identification of atrial myofibers is subjected to inter-
observer variation, hence the myofibers might not be perfectly aligned with the
loading directions. Moreover, the myofiber orientation in the LA is complex [Ho
and Sa´nchez-Quintana, 2009, Ho et al., 2002] and this complexity might not be
represented using a simple 2-layer material composite with perfectly aligned my-
ofibers. Considering these limitations, the SEF introduced in (6.25) was chosen to
represent the mechanical material behavior of the myocardium in the LA providing
an additional parameter in the nonlinear optimization using the objective function
in (6.54), i.e., ΨΓNE in Table 6.1.
The mechanical material behavior at the anterior and posterior locations of
the LA was also quantified separately, where larger R2 values were obtained. The
ultimate change of the constitutive model parameters, however, was within the un-
certainty range of the constitutive model parameters for ventricular myocardium
[Nasopoulou et al., 2017] and therefore an overall mechanical material characteriza-
tion leading to a homogeneous left atrial myocardium was chosen. The SEFs were
fitted to an average mechanical material behavior characterizing the myocardium of
the human LA instead of using the arithmetic mean or median of constitutive model
parameter sets obtained from specimen-specific mechanical fitting procedures [Nies-
trawska et al., 2016, Sommer et al., 2013]. Although the applied procedure allows
the generation of a representative mechanical material behavior of the myocardium
in the human LA, the correspondence between the simultaneously recorded stress
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and strain components might be lost during the averaging procedure which might
impact the nonlinear optimization problem.
6.2 Geometrical Left Atrial Models
In general, the geometrical models generated in Chapt. 4 including the complex my-
ofiber architecture utilizing the 2-layer transmural fiber interpolation function were
deployed in BM simulations. Nevertheless, these FE models were augmented by left
atrial suspensions around the PVs and the MV to allow for additional movement
during FE analysis. The edge nodes of the endocardial surface were identified and
for each orifice, i.e., PVs and MV, a tangential plane was calculated via orthogonal
distance regression in addition to an orifice center. The unit normal vector of each
plane was assigned the longitudinal direction of an established cylindrical coordinate
system. Utilizing the bath mesh, a FE mesh surrounding the myocardial FE mesh
typically used for EP simulations of cardiac arrhythmias, tetrahedral FEs within
120 % of the maximum distance between the orifice center and the corresponding
orifice nodes were thresholded in radial direction. The radial threshold was adapted
in cases where the suspensions did not fully cover the epicardial surface of the orifice.
To minimize the computational overhead, tetrahedral FEs were also thresholded in
longitudinal direction, i.e., z-direction, according to −1.00 < z < 2.00 mm and
−1.50 < z < 4.50 mm for the PVs and the MV, respectively. A breadth-first
search algorithm was applied to obtain continuous cylindrical disks and remove
any potential element islands. Finally, a nearest neighbor approach identified the
shared nodes between the FE meshes of the LA and the suspensions, where the
element connectivity of the suspensions was updated accordingly while the original
left atrial FE mesh topology remained unchanged.
6.3 Biomechanical Finite Element Simulations
Due to the coronary CTA protocol, in which ECG-gating was performed, the exact
state of the LA in the cardiac cycle remains unknown. The coronary CTA data
were reconstructed at 75% of the RR interval (most likely corresponding to the
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left atrial conduit phase). Thus, the computational FE models were assumed to
represent the state of the LA prior to active contraction with the MV open. The
performed biomechanical FE simulations of the LA therefore model the reservoir
phase, in which the LA is passively filled through the PVs during ventricular systole.
6.3.1 Myocardial Material Behavior
The myocardium of the LA was modeled using the SEF presented in (6.25) with
the corresponding material parameters provided in Table 6.1, i.e., ΨΓNE . Following







A stiffness factor ζ = 10 was introduced scaling the constitutive parameter a and
increasing the isotropic material stiffness to obtain physiological deformations in
the LA. Besides the myocardium of the LA, the mechanical material behavior of
the suspensions attached to the PVs and the MV were characterized using a neo-




(I¯1 − 3), (6.58)
where µs was chosen as 500.00 kPa, empirically determined to restrict the motion
around the PVs and the MV. The volumetric contributions to the SEFs enforcing






where µK is a stress-like parameter, that degenerates to a non-physical (positive)
penalty parameter in the case of isochoric deformation to enforce incompressibility.
The values for µK were chosen as 2920.00 kPa and 500.00 kPa in the myocardium
of the LA and the suspensions, respectively.
6.3.2 Cardiac Boundary Conditions
Biomechanical FE simulations require the specification of appropriate boundary
conditions representing the in vivo situation. Within the context of mechanical FE
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Figure 6.6: Left atrial pressure and area (a surrogate for volume) traces extracted
from Stefanadis et al. [1998]. The original traces (left panel) are scaled to a basic
cycle length of 1000 ms and normalized for software input requirements (right panel).
simulations of the LA, specification of Dirichlet and Neumann boundary conditions
is required modeling the presence of neighboring anatomical structures and inherent
blood flow. Furthermore, the boundary constraints should be chosen to minimize
their impact on the FE simulation results, while the identification is non trivial.
Mechanical Neumann Boundary Conditions
Neumann boundary conditions provide quantities for the derivative of the solution
of a PDE on the domain boundary. In the context of mechanical FE analysis, this
represents a traction vector T(X) acting on the spatial location X in the reference
configuration.
During coronary CTA, a routinely performed medical imaging procedure to in-
vestigate coronary artery diseases, neither pressure nor volume data were recorded.
Thus, representative left atrial pressure and area (a surrogate for volume) traces
were extracted from Stefanadis et al. [1998] shown in Fig. 6.6. To minimize poten-
tial errors introduced during the digital extraction process, smoothing was applied
to both data traces (cf., data points and data lines). Patients were assumed to
have a constant basic cycle length of 1000 ms, necessitating scaling of the obtained
pressure and area traces. In addition, the software platform CARP requires the
pressure input in fractions of the maximum pressure and hence both data traces
were normalized. Biomechanical FE simulations represent the reservoir phase in the
LA, which corresponds to the first peak of the pressure trace in Fig. 6.6. Therefore,
the LA was inflated towards a maximum pressure of p = 10.44 mmHg = 1.39 kPa.
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Mechanical Dirichlet Boundary Conditions
Dirichlet boundary conditions provide the solution of a PDE on the domain bound-
ary. In the context of mechanical FE analysis, this represents a displacement U(X)
at the spatial location X in the reference configuration.
While extensive research has been performed on the MV dynamics [Bai et al.,
2014, Rausch et al., 2011, Rushmer et al., 1956], the quantification of PV motion has
received less attention. The motion observed in the PVs is minimal [Moyer et al.,
2013], thus movement of distal PV suspension surface nodes was spatially restricted
in all directions, i.e., UPV = 0. Although a more significant movement of the MV
is observed, again movement of distal MV suspension surface nodes was spatially
restricted in all directions, i.e., UMV = 0. This allowed for minor movement of the
PVs and the MV during biomechanical FE simulations due to the finite elasticity
of the suspensions not including the effect of left ventricular motion.
6.3.3 Numerical Finite Element Simulation Settings
The multi-physics software platform CARP was used to simulate left atrial BM, in
which parallel matrix and vector operations are handled using the message passing
interface (MPI)-based library Portable Extensible Toolkit for Scientific Computa-
tion (PETSc) [Balay et al., 2008] and parallel partitioning of unstructured tetrahe-
dral meshes relies on Parallel Graph Partitioning and Fill-reducing Matrix Ordering
(ParMetis) [Karypis and Kumar, 1998, Karypis et al., 1997]. The nonlinear BM
equations were solved using the generalized minimal residual (GMRES) method
with algebraic multigrid (AMG) preconditioning. These numeric algorithms have
been implemented in the publicly available numerical package Parallel Toolbox (PT)
[Liebmann, 2009], specifically designed to exploiting current high performance com-
puting hardware (for more details on the preconditioned Krylov subspace methods
see comprehensive research articles by Neic et al. [2012] and Augustin et al. [2016]).
6.3.4 Biomechanical Finite Element Simulations
Figure 6.7 shows the calculated displacement magnitude ‖u‖ in Patients I, II and
III in the anterior and posterior perspective. The obtained maximum displacement
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Figure 6.7: Anterior (top row) and posterior (bottom row) perspective of analyzed
patients showing the displacement magnitude for the biomechanics simulations, i.e.,
passive inflations, representing the left atrial reservoir phase in the cardiac cycle.
Individual patient images are not to scale.
magnitude ‖u‖ was 7.08, 9.03 and 6.68 mm in Patients I, II and III, respectively.
Moreover, clearly visible in Fig. 6.7 are the applied Dirichlet boundary conditions
around the PVs and the MV via their respective suspensions minimizing the spatial
movement in the FE simulations.
Figure 6.8 shows the calculated first principal stress σ1 in Patients I, II and III
in the anterior and posterior perspective. The obtained first principal stresses σ1 in
the human LA were within the ranges of first principal stresses σ1 for the porcine
LA reported in the literature (c.f., e.g., 0-20, 0-30 and 0-17 kPa in Di Martino et al.
[2011a], Di Martino et al. [2011b] and Satriano et al. [2013], respectively, where
the applied color bar indicates the respective data range). Moreover, Hunter et al.
[2012] reported a median von Mises stress σv of 36.4 kPa with an interquartile range
of 26.2-51.6 kPa in the human LA using FE simulations applying the linear elasticity
theory.
The minimum cavity volume Vmin in the LA was calculated as 103.19, 60.97 and
52.56 cm3 for Patients I, II and III, respectively. The ejection fraction, defined as
(Vmax − Vmin)/Vmax, was calculated as 24.44, 28.56 and 28.54 %, with a maximum
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Figure 6.8: Anterior (top row) and posterior (bottom row) perspective of analyzed pa-
tients showing the first principal stress for the biomechanics simulations, i.e., passive
inflations, representing the left atrial reservoir phase in the cardiac cycle. Individual
patient images are not to scale.
cavity volume Vmax in the LA of 136.56, 85.34 and 73.55 cm
3 for Patients I, II and
III, respectively. Table 6.2 provides different biomarkers of left atrial function for
healthy patients, heart failure patients with preserved ejection fraction and heart
failure patients with reduced ejection fraction measured using echocardiography
[Melenovsky et al., 2015]. The biomarkers derived from the FE simulations were
slightly larger or smaller than clinically measured biomarkers in the LA, in partic-
Vmin [cm
3] Vmax [cm
3] EF [%] AEF [%] PEF [%]
HP 16± 6.3 45± 12 65± 8.9 48± 11 33± 11
HFpEF 54± 27 85± 28 39± 17 30± 14 26± 9.3
HFrEF 71± 35 104± 38 35± 15 22± 13 21± 10
Table 6.2: Left atrial biomarkers minimum cavity volume Vmin, maximum cavity
volume Vmax, ejection fraction EF, active ejection fraction AEF and passive ejection
fraction PEF measured using echocardiography by Melenovsky et al. [2015]. Abbrevi-
ations: HP (healthy patients), HFpEF (heart failure patients with preserved ejection
fraction) and HFrEF (heart failure patients with reduced ejection fraction).
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ular for healthy patients (cf., e.g., Table 6.2). This could potentially be explained
by either the overestimation of the minimum cavity volume Vmin and the maxi-
mum cavity volume Vmax due to the inclusion of the LAA and the PV sleeves in the
volume calculation, consequently also affecting the ejection fraction, or the assump-
tions made with regards to the reference state of the FE models. Moreover, the
incorporation of the active contraction in the FE simulations might further lower
the minimum cavity volume Vmin ultimately leading to a larger ejection fraction.
Worth mentioning, the suspensions were removed in Figs. 6.7 and 6.8 for better
visibility of the LA wall structure.
6.4 Myocardial Thickness Calculation
The algorithm to calculate the left atrial wall thickness has been previously pre-
sented in Bishop et al. [2016]. In brief, subsequent to the FE mesh generation,
(3.66) was solved on the tetrahedral FE mesh Ω with boundary conditions in (4.3)
applied to ∂ΩI, ∂ΩII and ∂ΩR representing the endocardial, epicardial and remaining
boundary surfaces, respectively. Following the calculation of the field line directions
according to ∇u/‖∇u‖, the endocardial nodes were tracked as they traverse in field
line direction through the tetrahedral FEs towards the epicardium of the LA. Si-
multaneously, the distances passed were recorded until the individual trajectories
intersected with the epicardium of the LA providing an estimate of the left atrial
wall thickness. The algorithm was recently validated in a research study on the pre-
dictive capacity of tissue thickness at the LAA ostium for acute success in RFCA
[Whitaker et al., 2017].
Figure 6.9 shows the estimated left atrial wall thickness in Patients I, II and III
at the anterior and posterior location of the LA. The mean left atrial wall thickness
was calculated as 0.74, 1.22 and 1.34 mm for Patients I, II and III, respectively.
The minimum left atrial wall thickness was calculated as 0.18, 0.16 and 0.18 mm in
Patients I, II and III, respectively. Whitaker et al. [2016] have provided a compre-
hensive review article on pathology-based and CT-based measurements of left atrial
wall thickness. The mean myocardial thickness estimated from the FE models was
within the range of CT-based measurements of myocardial thickness in the LA for
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Figure 6.9: Anterior (top row) and posterior (bottom row) perspective of analyzed
patients showing the left atrial wall thickness. Individual patient images are not to
scale.
patients with an AF history (cf., e.g., 2.20±0.90 (0.90-7.40), 1.89±0.48 (0.50-3.50)
and 2.40± 0.40 (1.50-3.10 mm) in Lemola et al. [2004], Beinart et al. [2011] and Wi
et al. [2014], respectively). Multiple studies have reported on the variation of left
atrial wall thickness with age [Pan et al., 2008] and location [Beinart et al., 2011,
Hayashi et al., 2014, Park et al., 2015, Takahashi et al., 2015], consistent with the
observations in Fig. 6.9. Moreover, a large variation in left atrial wall thickness
between healthy patients and patients with AF has been observed [Hayashi et al.,
2014, Nakamura et al., 2011, Takahashi et al., 2015]. The direct comparison of
the estimated myocardial thickness in the LA with pathology-based or MRI-based
studies might be inadequate as the values reported from CT measurements are
systematically lower [Whitaker et al., 2016].
The majority of CT-based studies on left atrial wall thickness have reported
mean thickness measurements significantly smaller than 3 mm [Beinart et al., 2011,
Hayashi et al., 2014, Lemola et al., 2004, Nakamura et al., 2011, Park et al., 2015,
Takahashi et al., 2015, Wi et al., 2014]. The algorithm for the medical image
segmentation of the LA presented in Chapt. 4 assumes a minimum left atrial wall
thickness of 1 voxel and thresholds viable left atrial myocardium within 3 mm from
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the left atrial blood pool. These limitations need to be considered when interpreting
the left atrial wall thickness estimates in Fig. 6.9.
6.5 Spatial Correlation between Stress and Thick-
ness
The physical quantities wall stress, in this case first principal stress, and wall thick-
ness exhibit an inverse relation; the thicker the wall the lower the stress. Therefore,
colocation between the red regions in Fig. 6.9, i.e., regions of larger wall thickness,
and the black regions in Fig. 6.8, i.e., regions of lower wall stress, was observed.
More specific, the red ridge on the posterior wall of Patient I in Fig. 6.9 was colo-
cated with the black ridge on the posterior wall of Patient I in Fig. 6.8. Similar for
Patient II, where a large wall thickness was observed around the MV (see Fig. 6.9)
and a lower wall stress was obtained (see Fig. 6.8).
6.6 Biomechanical Finite Element Simulations
The simulation of left atrial BM represents the reservoir phase in which the passive
filling of the LA occurs via the PVs. The LA is surrounded by multiple anatomical
structures in vivo such as the pericardium (posterior), the Ao (anterior) and the
RA (medial). These structures restrict the movement of the LA [Di Martino et al.,
2011a, Fritz et al., 2014, Moyer et al., 2015], hence the displacements in the FE
simulations of the LA might be under- or overestimated. Simultaneous to the left
atrial reservoir phase, the left ventricular systole occurs, where the LV is contract-
ing pulling the atrioventricular plane towards the apex of the heart [Banks et al.,
2018]. MV annulus dynamics could potentially be an important driver of left atrial
function, however, was not considered in the BM simulations. The exact state of
the LA in the cardiac cycle during coronary CTA remains unknown. Thus, the
computational FE models were assumed to represent the state of the LA prior to
active contraction with the MV open. The assumed state of the LA does, however,
not represent a stress free reference state, neglected in the FE analysis. Moreover,
3D residual stresses exist in biological tissues such as the LV [Costa et al., 1996]
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and the Ao [Holzapfel et al., 2007]. In contrast to the LV and the Ao, no data
on the residual stresses in the LA have been reported, hence their influence is not
considered in the BM simulations.
Chapter 7
Langendorff - Electromechanical
Simulations of the Left Atrium
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The contraction of the LA contributes an additional 20% of blood volume to
the filling of the LV, increasing the cardiac output [Kendall et al., 1971, Meisner
et al., 1991, Stott et al., 1970]. Efficient and effective LA contraction relies on an
organized sequence of electrical excitation propagation in the heart. During AF,
the LA is rapidly activated deteriorating the mechanical pump function and leading
to reduced LV filling. Quantifying the impact of active contraction on LA function
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during the reservoir, conduit and contraction phase of the LA may assist patient
selection for and treatment planning of RFCA. To date, solely Vigmond et al. [2008a]
and Adeniran et al. [2015] have performed EM modeling in the LA in idealized and
realistic heart models, respectively, however, neither using a personalized modeling
approach.
In 1895, Langendorff [1895] published a seminal research article on isolated per-
fused hearts. This preparation is still the predominant in vitro technique used in
pharmacological and physiological studies. In this protocol, the heart is excised
and perfused with an oxygenated and nutrition rich solution from the Ao. The
backwards directed pressure gradient closes the AV and the isolated heart is per-
fused through the coronary vasculature. Augustin et al. [2016] performed strongly
coupled EM simulations of the whole heart using a Langendorff setup, i.e., an ac-
tive contraction without the application of an internal pressure. This approach was
transfered to the atria, where an isolated perfused LA was modeled, a Langendorff
LA (neglecting the gravitation).
7.1 Electromechanical Finite Element Simulations
To simulate EM in the LA, the individual simulation setting of EP (see Chapt. 5)
and BM (see Chapt. 6) were combined using a biophysically-based active contraction
model. Due to the computational cost associated with the EM simulations the focus
was on the contraction phase of Patient III, the FE model with the smallest number
of nodes and elements. The combination of EP and BM simulation settings, as
described above, within an integrative EM framework highlighted new numerical
challenges. Therefore, minor adjustments were made to these simulation settings
of EP and BM that significantly improved the numerical stability and reduced the
computational cost of the problem discussed in the following.
7.1.1 Myocardial Material Parameters
Electrical Material Properties
The cellular EP was described using the Courtemanche model [Courtemanche et al.,
1998] to simulate the human atrial AP, while steady state conditions were obtained
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prior to FE simulations. The intracellular current flow responsible for the spread of
electrical activation in the atrial myocardium was calculated using the monodomain
equation in (3.23). The CVs in the LA were chosen as 1.20 and 0.40 m/s in longitu-
dinal and transversal directions, respectively, leading to an anisotropy ratio of 3/1,
well within the range of reported values for healthy patients [Dimitri et al., 2012,
Kneller et al., 2002]. The conductivities for Patient III presented in Table 5.1 were
chosen to simulate EP following an iterative fitting procedure [Mendonca Costa
et al., 2013]. The software platform CARP was employed to numerically solve
(3.23) via the FE method using a global time step of 10µs [Vigmond et al., 2008b].
Regionally confined epicardial stimulation around the BB was applied to mimic the
physiological signal transduction coming from the right atrium [Markides et al.,
2003].
Mechanical Material Properties
The myocardium of the LA was modeled using the SEF presented in (6.25) with
the corresponding material parameters provided in Table 6.1, i.e., ΨΓNE . Following







A stiffness factor ζ = 10 was introduced scaling the constitutive parameter a and
increasing the isotropic material stiffness to obtain physiological deformations in
the LA. Besides the myocardium of the LA, the mechanical material behavior of
the suspensions attached to the PVs and the MV were characterized using a neo-




(I¯1 − 3), (7.2)
where µs was chosen as 500.00 kPa, empirically determined to restrict the motion
around the PVs and the MV. The volumetric contributions to the SEFs enforcing






where µK is a stress-like parameter, that degenerates to a non-physical (positive)
penalty parameter in the case of isochoric deformation to enforce incompressibility.
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The values for µK were chosen as 2920.00 kPa and 500.00 kPa in the myocardium
of the LA and the suspensions, respectively.
Electromechanical Material Properties
The electromechanical coupling in the LA was achieved using the Ca2+i transient ob-
tained from simulating cellular EP represented through the Courtemanche-Ramirez-
Nattel (CRN) model [Courtemanche et al., 1998]. The Land model [Land et al.,
2012], a biophysically-based active contraction model, was employed in the EM
modeling framework to calculate the active tension in the myofibers according to
Sa = SrefSn, where Sref is the reference tension and Sn is the normalized force. The
normalized force Sn was calculated according to
Sn = g(Q) h(λ) XB, (7.4)
where g(Q) determines the velocity dependence, h(λ) incorporates the length de-
pendence, with λ = (f0 ·Cf0)1/2 as the stretch in the fiber direction, and XB denotes
the crossbridge state. With the nonlinear change in the crossbridge state, in which















where kXB is a scaling factor for the rate of crossbridge binding, TRPN is the
fraction of occupied troponin-C binding sites, TRPN50 is the troponin-C sensitivity
and nXB is the Hill coefficient for cooperative crossbridge action. The dynamics of











where kTRPN is the unbinding rate of Ca
2+ from troponin-C, Ca2+T50 is the Ca
2+
sensitivity and nTRPN is the Hill coefficient for binding of Ca
2+ to troponin-C.
The standard parameters reported in Land et al. [2012] were adopted for the ac-
tive force generation (selection of introduced parameters shown in Table 7.1) with
changes only to Sref = 20 kPa for improved numerical stability. Figure 7.1 shows
the time traces of the Courtemanche model unidirectionally coupled with the Land
model under isometric contraction using different stretches λ indicating the length
dependence of the coupled system.
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Figure 7.1: Time traces of the (A) and (B) Courtemanche model [Courtemanche
et al., 1998], representing cellular electrophysiology, unidirectionally coupled with the
(C) and (D) Land model [Land et al., 2012], representing cellular electromechanics.
Abbreviations: Vm (transmembrane potential), Ca
2+
i (intracellular calcium concen-
tration), XB (crossbridge state) and Sa (isometric active tension).
7.1.2 Cardiac Boundary Conditions
The mechanical boundary conditions in the Langendorff simulation of the LA were
framed slightly different compared to the BM simulations in Chapt. 6. Within
the Langendorff setup [Langendorff, 1895], no internal restrictions were applied
against the cardiac muscle contraction. Thus, no internal pressure was applied, i.e.,
p = 0.00 mmHg = 0.00 kPa, representing the complete neglect of mechanical Neu-
nXB [-] kXB [ms
−1] nTRPN [-] kTRPN [ms−1] TRPN50 [-] Sref [kPa]
5.00 0.10 2.00 0.10 0.35 20.00
Table 7.1: Selected parameters for the Land model [Land et al., 2012], a biophysically-
based active contraction model, with minor changes applied to standard parameters
for improved numerical stability.
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mann boundary conditions. During the FE simulation, the application of Dirichlet
boundary conditions is vital. Identical to the BM simulations, mechanical Dirichlet
boundary conditions were applied to restrict the spatial movement of the distal PV
suspension surface nodes, i.e., UPV = 0. Furthermore, the spatial movement of the
distal MV suspension surface nodes was restricted in all directions, i.e., UMV = 0.
7.1.3 Electromechanical Langendorff Simulation
Figures 7.2 and 7.3 show the transmembrane potential Vm and the displacement
magnitude ‖u‖ in Patient III at different times during the contraction phase of
the LA in the anterior and posterior perspective, respectively. The minimum left
atrial volume Vmin during active contraction was determined as 46.88 cm
3 at 87 ms
after stimulation around the BB. The maximum left atrial volume Vmax, equal to
the volume in the reference configuration, was calculated as 52.56 cm3 leading to
an ejection fraction, i.e., active ejection fraction, of 10.81%. The active ejection
fraction derived from the FE simulation of the Langendorff setup was significantly
smaller than clinically measured active ejection fractions in the LA, in particular
for healthy patients (cf., e.g., Table 6.2). This could potentially be explained by
either the overestimation of the minimum cavity volume Vmin and the maximum
cavity volume Vmax due to the inclusion of the LAA and the PV sleeves in the
volume calculation, consequently also affecting the active ejection fraction, or the
reduced active tension in the FE model. The minimum left atrial volume Vmin
and maximum left atrial volume Vmax are not comparable with clinically measured
biomarkers in Table 6.2 as they represent different measures. Worth mentioning,
the suspensions were removed in Figs. 7.2 and 7.3 for better visibility of the LA
wall structure.
7.1.4 Electromechanical Langendorff Simulation
Following the initial stimulation around the BB, the LA was almost completely
activated after 80 ms (maximum LAT of 83.23 ms in Patient III). The comparison
between the transmembrane potential Vm and the displacement magnitude ‖u‖ in
Patient III during the FE simulation revealed a clear delay between the electrical
activation and the mechanical contraction (see Fig. 7.1 for the electromechanical
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Figure 7.2: Transmembrane potential (top rows) and displacement magnitude (bot-
tom rows) in the Langendorff simulation of Patient III at different times during the
left atrial contraction phase in the anterior perspective.
delay). The largest displacement magnitudes ‖u‖ during the contraction phase
were observed in the LAA providing additional instabilities in the EM simulation.
The Land model [Land et al., 2012], a biophysically-based active contraction model
developed for mouse ventricular myocytes, was employed to generate the active ten-
sion transient. Although interspecies and interpatient variation has been observed
in the dynamics of crossbridge cycling, this model was chosen for preliminary EM
simulations. The tension transients in mouse ventricular myocytes are steeper and
shorter when compared to human ventricular or human atrial myocytes (cf., Land
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Figure 7.3: Transmembrane potential (top rows) and displacement magnitude (bot-
tom rows) in the Langendorff simulation of Patient III at different times during the
left atrial contraction phase in the posterior perspective.
et al. [2012] and Land and Niederer [2018], respectively), thus, leading to an antic-
ipated reduced FE computation time. Finally, the computational FE simulation of
the Langendorff LA (neglecting the gravitation) results in major numerical insta-
bilities since the active contraction occurs without an internal pressure. This could
potentially lead to buckling of the myocardial wall in the Ao ultimately causing the
observed numerical difficulties.
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7.2 Future Electromechanical Implementations
The computational FE simulation of personalized EM in the LA presented includes
the heterogeneous nature of the myocardial wall thickness and the complex left
atrial myofiber architecture. Furthermore, electrical conductivities and mechani-
cal material parameters were fitted to measured CVs [Dimitri et al., 2012, Kneller
et al., 2002] and biaxial mechanical tension test data [Bellini et al., 2013] of the hu-
man LA, respectively, coupled using a biophysically-based active contraction model.
However, some limitations are inherent given the complexity of the problem and
further model personalization through additional implementations could potentially
improve the predictive capacity of the generated EM model.
7.2.1 Active Contraction Model
The active contraction in cardiac myocytes through crossbridge cycling represents
an intricate cascade of biochemical processes modeled with varying degrees of com-
plexity [Land et al., 2012, 2017, Rice et al., 2008]. Interspecies and intraspecies
variation in the underlying cellular dynamics has been observed [Narolska et al.,
2005]. The applied biophysically-based active contraction model in the Langendorff
simulation of the LA resembles data on mouse ventricular myocytes, exhibiting
distinct differences in the generation of active tension compared to human atrial
myocytes.
To improve the EM simulation, the parameters reported in Augustin et al. [2016],
which have been altered to obtain human ventricular tension transients using the
Land model [Land et al., 2012], could be employed. Moreover, the model presented
in Land et al. [2017], a biophysically-based active contraction model for human
ventricular myocytes including novel data, could be implemented in CARP and
fitted to cellular EM measurements in the LA (see, e.g., Land and Niederer [2018]).
7.2.2 Mitral Valve Annulus Dynamics
A major driver of motion in the LA under physiological conditions is the LV. During
the reservoir phase (ventricular systole), the LV contracts pulling the MV annulus
towards the ventricular apex thereby causing large deformations in the LA, while
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a recoil occurs during the conduit phase and the contraction phase (ventricular
diastole) [Bai et al., 2014, Moyer et al., 2013, Rausch et al., 2011, Rushmer et al.,
1956]. Under pathological conditions, e.g., heart failure, the applied deformations
on the LA alter significantly [Cikes and Solomon, 2016, Kraigher-Krainer et al.,
2014].
In computational EM modeling of the LA, where a physical representation of
the LV remains absent, its effect needs to be incorporated via mechanical boundary
conditions applying either forces or displacements. Moyer et al. [2015] included
the excursion of the MV annulus via Neumann boundary conditions (forces) esti-
mated from MRI measurements in the direction of the PV-MV axis. Di Martino
et al. [2011a] incorporated the effect of the LV by application of Dirichlet boundary
conditions (displacements) perpendicular to the MV plane in the reference config-
uration estimated from CT data, further adopted in Di Martino et al. [2011b] and
Satriano et al. [2013].
To approximate a physiological MV annulus dynamics, the approach by Di Mar-
tino et al. [2011a] could be adopted and similar displacements applied at the MV
suspension. Utilizing a more rigorous approach, multiple locations around the MV
annulus could be tracked over the cardiac cycle in the coronary CTA images and
the extracted displacement field included in the FE simulation. While the method
by Di Martino et al. [2011a] would be readily available, tracking multiple locations
around the MV annulus would require additional implementations, but provide a
personalized approach towards MV annulus dynamics.
7.2.3 Pressure-Flow Boundary Conditions
Computational FE simulations of the pump function in the LA require a description
of the relationship between blood pressure and blood flow. From previous models
of the LV and RV inspired, the application of a Windkessel model with dynamic
parameters is proposed. Windkessel models have been extensively applied in simu-
lations of the LV and RV [Eriksson et al., 2013, Fritz et al., 2014, Niederer et al.,
2011b, 2012b] providing a relation between pressure and flow during the different
phases of the cardiac cycle. Ishida et al. [1986] and Alexander Jr. et al. [1987] used
electrical circuit analogs of the LA to study the filling dynamic of the LV and the
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pressure-volume relationship in the LA, respectively. More recently, Moyer et al.
[2015] applied a variation of the Windkessel model to FE simulations of the LA
allowing for complex loading conditions during atrial contraction.
To model pressure-flow boundary conditions in the LA, different variations of the
Windkessel model were derived for the individual phases of the LA, i.e., the reser-
voir phase, conduit phase and contraction phase. The mathematical expressions
were derived in compatibility with CARP facilitating their rapid implementation
[Vigmond et al., 2008b].
Left Atrial Coupling During Reservoir Phase
The reservoir phase of the LA is characterized by passive filling through the PVs,
while the MV remains closed, i.e., left ventricular pressure exceeds left atrial pres-
sure. An electrical representation of the corresponding lumped parameter model is
given in Fig. 7.4. The application of Kirchhoff’s voltage law provided the represen-
tation of the flow qPV(t) through the PVs into the LA, with qLA(t) = qPV(t), given
as
pRPV(t) + pPLA(t)− pPPV(t) = 0, (7.7)




[pPPV(t)− pPLA(t)] , (7.9)
where RPV is the PV resistance, CLA is the LA elastance, pPPV(t) is the PV pressure,
pRPV(t) is the PV resistor pressure loss and pPLA(t) is the pressure in the LA.
Temporal discretization using a Θ-scheme, with Θ ∈ [0, 1], in conjunction with
the definitions for LA and PV flow increments given as δqLA = q
n+1
LA − qnLA and
δqPV = q
n+1

















(1−Θ)(pnPPV − pnPLA) + Θ(pn+1PPV − pn+1PLA)
]
. (7.11)
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Figure 7.4: Electrical network representation of the lumped circulatory model during
the left atrial reservoir phase consisting of the partial differential equation-based
model of the left atrium and the lumped model of the pulmonary veins.
Utilizing the definitions for LA and PV pressure increments given as δpPLA = p
n+1
PLA−
pnPLA and δpPPV = p
n+1






[pnPPV + ΘδpPPV − (pnPLA + ΘδpPLA)] , (7.12)
δVLA = V
n+1




[pnPPV + ΘδpPPV − (pnPLA + ΘδpPLA)] . (7.13)
Moreover, the expressions for the differential change in left atrial flow and left atrial











Left Atrial Coupling During Conduit Phase and Contraction Phase
The conduit phase and the contraction phase of the LA are characterized by passive
and active emptying towards the LV through the MV, respectively, while passive
filling via the PVs still occurs. An electrical representation of the corresponding
lumped parameter model is given in Fig. 7.5, which provides an extension of the
network presented in Fig. 7.4. The application of Kirchhoff’s voltage law in network
part I (left panel) provided the representation of the flow qPV(t) through the PVs
into the LA, with qLA(t) = qPV(t), given as
pRPV(t) + pPLA(t)− pPPV(t) = 0, (7.16)
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Figure 7.5: Electrical network representation of the lumped circulatory model during
the left atrial conduit phase and the contraction phase consisting of the partial dif-
ferential equation-based model of the left atrium coupled with lumped models of the
pulmonary veins and the mitral valve.




[pPPV(t)− pPLA(t)] . (7.18)
The application of Kirchhoff’s voltage law in network part II (right panel) provided
the representation of the flow qLV(t) through the MV into the LV given as













[pPLV(t)− pPLA(t)] = 0, (7.21)
where RMV is the MV resistance, LMV is the MV inductance modeling the inertia of
the blood, pPLV(t) is the pressure in the LV, pRMV(t) is the MV resistor pressure loss,
pLMV(t) is the MV inductor pressure loss and DMV is a diode preventing backwards
flow across the MV. Temporal discretization using a Θ-scheme, with Θ ∈ [0, 1], in
conjunction with the definitions for PV and LV flow increments given as δqPV =
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Utilizing the definition for pressure increments given as δpX = p
n+1
X −pnX, (7.22) and








{qnLVLMV − [pnPLV + ΘδpPLV − (pnPLA + ΘδpPLA)] δt} . (7.25)
The application of Kirchhoff’s current law with representations of the PV flow qn+1PV
in (7.22) and the LV flow qn+1LV in (7.23) provided the change in LA volume given as
δVLA =V
n+1


















or alternatively using (7.24) and (7.25) given as
δVLA =V
n+1




[pnPPV + ΘδpPPV − (pnPLA + ΘδpPLA)]
− δt
RMVδt+ LMV
{qnLVLMV − [pnPLV + ΘδpPLV − (pnPLA + ΘδpPLA)] δt} .
(7.27)
Moreover, the expressions for the differential change in left atrial flow and left atrial






























7.2.4 Structural Contact Mechanics
The motion of the LA in vivo is restricted by multiple anatomical structures such
as the Ao (anterior), the RA (medial) and the pericardium (posterior) [Vogiatzidis
et al., 2015]. During the cardiac cycle, these structures are in contact with the LA
exerting forces and thereby limiting the displacements.
Moyer et al. [2015] incorporated the contact with surrounding structures by the
application of regional external pressures around the Ao, the RA and the peri-
cardium (synonymous with chest wall) aiding MRI data and the observed surface
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curvature. Di Martino et al. [2011a] included the pericardium in the BM simulations
and applied a soft surface-to-surface contact algorithm limiting the pressure-induced
expansion in the posterior portion of the LA. To restrain the motion in the ante-
rior region, a surface corresponding to the atrioventricular plane was reconstructed
from CT data serving as a physical barrier during FE analysis. Fritz et al. [2014]
performed a whole heart simulation incorporating the pericardium and modeling
frictionless contact towards the LA.
To approximate the contact with neighboring structures, the approach by Moyer
et al. [2015] could be adopted and regional pressures applied to the epicardium of
the LA. Utilizing a more rigorous approach, structural contact mechanics could be
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This chapter summarizes the key developments presented in this thesis empha-
sizing the novelty and the results of the EM modeling pipeline. Furthermore, major
limitations of the FE simulations are discussed within a broader spectrum and addi-
tional information on potential improvements using novel measurement techniques
and computational algorithms is presented. Finally, a general research conclusion
on the importance of personalized FE simulations of atrial EM is provided.
8.1 Research Discussion
In this thesis a novel framework for personalized computational FE modeling of
left atrial EM was presented. Starting from high-resolution coronary CTA data,
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a statistics-based image segmentation algorithm was developed capturing the het-
erogeneous thickness of the myocardium in the LA (see Chapt. 4). The complex
left atrial myofiber architecture was estimated using an algorithm based on local
solutions of Laplace’s equation and validated against anatomical and morphological
images (see Chapt. 4). The influence of the transmural myofiber orientation was
investigated using EP simulations, where a negligible effect on LATs was observed
(see Chapt. 5). Following the reinterpretation of biaxial mechanical tension test
data of the human LA, the spatial correlation between increased mechanical stress
and decreased wall thickness was shown utilizing BM simulations (see Chapt. 6).
Finally, EP and BM were coupled using a biophysically-based active contraction
model and an EM simulation of a Langendorff LA was performed (see Chapt. 7).
8.1.1 Myocardial Material Heterogeneity
Personalized computational FE simulations of the LA rely on clinical measurements
to constrain the individual physics involved. The accuracy of the model predictions
strongly depends on both the quality and quantity of the data available, however,
their collection, in particular through invasive procedures, remains difficult. There
are clear gaps in the EM data landscape that would need to be filled to further
constrain the LA models leading to more realistic FE simulation outcomes.
The human LA is an exceptionally complex structure with significant anatomical
variation between individual patients as well as electrical and mechanical hetero-
geneity within a single LA. This combination of inter- and intraatrial variability
promotes the increased need for fine grain personalization and challenges some of
the underlying assumption of homogeneity, required when modeling patients with
sparse and incomplete data sets. While the anatomical variation was captured
through the incorporation of the wall thickness in the LA affecting both, EP via
electrotonic loading and BM via mechanical strength, there remains variation in the
cell type, myofiber distribution and presence of fibrotic regions that could further
improve FE model predictions by a better representation of the patient physiology.
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Electrical Material Heterogeneity
Heterogeneity at the cellular level has been confirmed by multiple experimental
studies in the LA [Feng et al., 1998, Li et al., 2001, Wang et al., 1990]. Corrado et al.
[2017] have developed recording and parameter estimation techniques for inferring
the local electrical tissue properties in the LA from catheter measurements. These
techniques facilitate the capture of the variation in CV and APD across the LA
and enable the incorporation of this information into EM models. However, these
approaches characterize the left atrial EP from endocardial measurements only not
account for any transmural variation in the LA that might be important in AF
simulations [Eckstein et al., 2011]. The spatial heterogeneity in cellular EP and
structural CV has been incorporated in FE simulations of human atria through
manual specification of the respective regions [Ferrer et al., 2015, Seemann et al.,
2006, Tobo´n et al., 2013]. However, these approaches have not been validated in the
clinical setting by comparing the predicted local EP properties with measurements
of CV and APD, in part due to the technical challenges associated with the data
collection and the necessary registration of the measurements back to the FE model.
The recording methods presented in Corrado et al. [2017] have the potential to
perform an automated EP model personalization aiming at improved FE simulation
outcome.
Late gadolinium-enhanced MRI has the potential to identify regions of fibrosis
and scar in the LA [Karim et al., 2013, Tao et al., 2016]. Moreover, this medical
imaging modality has been successfully applied to identify RFCA lesions indicating
necrotic tissue [Dickfeld et al., 2006]. The impact of these structural changes on EP
are an active field of research [McDowell et al., 2012, 2013, 2015] and would provide
an additional step towards the model personalization in EM.
Mechanical Material Heterogeneity
The in vivo estimation of mechanical material parameters, in particular using ad-
vanced structurally-based SEFs, remains challenging. Recent studies by Asner et al.
[2016] using 3D tagged MRI, Nasopoulou et al. [2017] using cine MRI and Xi et al.
[2013] using a combination of both imaging techniques estimated the myocardial
material parameters in the LV. However, due to the thin-walled atrial phenotype,
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these approaches are not applicable in the LA using the available MRI resolution.
Mechanical material heterogeneity in the RA and LA has been identified using bi-
axial mechanical tension tests in pigs [Bellini and Di Martino, 2012] and human
[Bellini et al., 2013]. This observation was further confirmed in the characteriza-
tion of the mechanical material behavior of the LA in Chapt. 6 showing that an
independent fit of anterior and posterior regions of the LA using the biaxial me-
chanical tension test data from Bellini et al. [2013] would lead to a more accurate
representation of the experimental data. The spatial heterogeneity of the mechan-
ical material behavior has been incorporated in BM simulations of porcine atria,
where the respective regions have been specified manually [Di Martino et al., 2011a,
Jernigan et al., 2007, Satriano et al., 2013].
Analogous to the electrical material heterogeneity in the LA, incorporation of
necrotic and fibrotic regions identified using late gadolinium-enhance MRI would
improve the predictive capacity of the FE simulations. The higher density of col-
lagen in these regions increases the passive stiffness [Wynn, 2008], while the lower
density of myocytes decreases the active contraction. The altered BM environment
could potentially influence the deformation field within the LA, hence impacting
atrial function.
Electromechanical Material Heterogeneity
The existence of regional differences in electromechanical cell properties of healthy
guinea-pig ventricles has been confirmed [Bryant et al., 1997]. The LA represents
a thin-walled anatomical structure limiting the available tissue relative to the LV.
Consequently, measurements describing the spatial variation in the contractile prop-
erties across the LA remain sparse. The different cell types located in the LA, RA,
LAA, etc., have different Ca2+ transients [Adeniran et al., 2015], which results in
regional differences in the contractile response across the atria. This level of cellular
EM measurements is unlikely to be obtained from clinical studies in the near future.
However, the characterization of tension generation from cells in different regions of
the LA would facilitate the understanding of how contractile heterogeneity affects
atrial function.
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8.1.2 Left Atrial Myofiber Architecture
Anatomical and morphological ex vivo studies have been performed to qualitatively
characterize the complex left atrial myofiber architecture [Cabrera et al., 2008, Ho
and Sa´nchez-Quintana, 2009, Ho et al., 2002]. The presented algorithm in Chapt. 4
estimated this local myofiber orientation over the LA, verified by comparison with
morphological images. More recently, ex vivo studies using micro-CT [Varela et al.,
2013] and diffusion tensor MRI [Pashakhanloo et al., 2016] have been conducted to
identify the atrial myofiber architecture in dogs and humans, respectively. Multiple
algorithms to estimate the left atrial fiber architecture based on morphological data
have been published [Fastl et al., 2016, Krueger et al., 2011, Satriano et al., 2013].
While in vivo measurements of the myofiber architecture in the LA using diffusion
tensor MRI would be ideal, additional complications arise compared to the LV.
First, the myocardium of the LA is thin reducing the signal-to-noise ratio during
diffusion tensor MRI. Second, the myofibers vary transmurally (abrupt changes are
observed) generating high spatial direction gradients. Third, complex deformations
are experienced by the LA reducing the time in which the LA remains static during
each heart beat. Electroanatomical mapping has the capacity to quantify the local
myofiber orientation under the assumption of its alignment with the principal direc-
tion of conduction. However, clinical measurements are predominantly made on the
endocardium of the LA, hence the quantification of the transmural variation is not
possible. The application of either rule-based or atlas-based algorithms to estimate
the complex myofiber architecture in the LA is likely the standard procedure for
FE models in the near future.
8.1.3 Mechanical Boundary Conditions
The hemodynamics in the LA is governed by the anatomical complexity in combi-
nation with the complicated inflow and outflow conditions at the PVs and the MV,
respectively. Recently, computational fluid dynamics (CFD) simulations have been
performed to study the vortex topology in the LA [Koizumi et al., 2015, Masci et al.,
2017, Vedula et al., 2015, Zhang and Gay, 2008]. These CFD simulations could be
employed to estimate the time-dependent left atrial pressure field exerted on the
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myocardial wall of the LA and applied in the FE analysis as Neumann boundary
conditions.
The excursion of the MV annulus has been studied using real-time 3D echocar-
diography [Qin et al., 2004] and cardiac CT [Banks et al., 2018]. Adopting these
technologies allows for the tracking of the MV annulus over the cardiac cycle, where
the obtained trajectory field could be directly applied as Dirichlet boundary condi-
tions in the FE analysis. The utilization of the trajectory field would facilitate the
detailed quantification of the impact of the LV on left atrial function.
8.1.4 Validation and Verification
Computational FE models, in particular personalized FE models, are increasingly
applied to improve the understanding of cardiac EM and direct treatment strate-
gies. Therefore, a large number of independent FE simulation platforms have been
developed, ranging from open-source software, to commercial products and closed-
source software [Land et al., 2015]. The translation of cardiac FE models from a
research tool to a clinical tool will bring cardiac FE modeling in the remit of clinical
regulators. Thus, verification, the process of determining the accuracy of the imple-
mented model with respect to the mathematical model, which has been of limited
application in cardiac EM, is becoming more important. More recently, coordinated
verifications have been performed in cardiac EP [Niederer et al., 2011a], BM and
EM [Land et al., 2015] using N-version benchmarks.
Moreover, verification, the process of determining the accuracy of the mathe-
matical model with respect to the real world phenomenon, represents an equally
important process. Attempts to verify left atrial EP, BM and EM have been made
using the simulated LATs and ejection fractions, respectively, both compared to
measurements reported in the literature. The comparison of calculated ECG traces
using a detailed representation of the human torso (see, e.g., Krueger et al. [2013]
and Ferrer et al. [2015]) with measured ECG traces from the individual patient
would provide an additional verification of EP. Furthermore, BM and EM simula-
tions could be verified using in vivo measurements of the pressure in the LA, difficult
due to the invasiveness of the measurement procedure, and compared against the
pressure obtained in the FE simulations.
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8.1.5 Computational Resources
The fundamental approach behind the personalized computational FE models of
the LA was to calculate both physics, EP and BM, using the same discretization,
i.e., the same FE mesh. Utilizing this strategy supersedes any otherwise neces-
sary projection algorithm to transfer information between FE meshes used for the
different physics. The EP transients are fast translating into steep depolarization
wavefronts of small spatial extend, thus necessitating the application of fine spatial
resolutions. In contrast to BM processes, which occur on slower time scales and ex-
perience smoother gradients, thus allowing for coarser spatial discretizations. The
N-version benchmark on cardiac tissue EP by Niederer et al. [2012a] revealed nu-
merical errors larger than 10 % at spatial resolutions of 100µm, half of the regularly
quoted 250µm required for convergence [Clayton and Panfilov, 2008]. Therefore, an
average element edge length of 100µm was targeted in the personalized FE meshes
(see Table 4.3).
The detailed EM simulations using personalized FE models of the LA are associ-
ated with a large amount of necessary computational resources. The FE simulation
of a single heart in Patient I using the EM simulation settings discussed in Chapt. 7
would last an estimated 100 hours on 1000 compute cores, which translates into
£2000 per simulation on the high-performance computing facility ARCHER, the
main cluster employed for solving FE simulations. Therefore, the EM simulation
was focused on the contraction phase of Patient III, the FE model with the smallest
number of nodes and elements.
8.2 Research Conclusion
Patient-specific FE simulations have great potential to impact every aspect of pa-
tient care from medical device design, to targeted patient selection and strategic
therapy planning. Significant progress has been made in modeling the EP and BM
in the ventricles as well as the EP in the atria. This thesis provides a description
of the initial steps towards building personalized computational FE simulations of
atrial EM. Therefore, details on the processes to segment the left atrial myocardium
from coronary CTA data, generate high-resolution FE meshes, perform FE simula-
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tions of left atrial EP, infer mechanical material parameters from biaxial mechanical
tension test data, perform FE simulations of left atrial BM and develop a framework
for simulating left atrial EM were provided.
Appendix A
Detailed Quantification of Cardiac
Deformation
Contents
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Mechanical strain measurements have been successfully performed to quantify
cardiac deformation in physiological and pathological conditions in the LV [Levy
et al., 2016, Marwick, 2006, Pourmorteza et al., 2012, Satriano et al., 2017, Smiseth
et al., 2016] and the LA [Parwani et al., 2017, Tsai et al., 2009, Walters et al.,
2016]. Commercial imaging modalities provide visualization applications for differ-
ent strain measures, however, in general utilizing simplified strain surrogates, not
feasible for the detailed quantification of deformation in the heart. Therefore, a fi-
nite deformation formulation of a triangular FE was derived to calculate strains on
the cardiac surface (see, e.g., Zienkiewicz and Taylor [2005] and Wriggers [2008]).
A.1 Calculation of Cardiac Surface Strain
The geometry of a 3-node finite deformation based triangular FE in the current and













where Ni(ξ) is the Lagrangian shape function of the standard isoparametric map-
ping concept and xi and Xi are the position vectors in the global Cartesian coordi-
nate system in the current and reference configuration, respectively (see Fig. A.1).
Utilizing the standard linear Lagrangian shape functions given as
N1 = 1− ξ1 − ξ2, N2 = ξ1, N3 = ξ2, (A.3)
the coordinates in the current configuration Ω were expressed as a function of the
natural coordinates ξ1 and ξ2 as
x1(ξ1, ξ2) = (x
2
1 − x11)ξ1 + (x31 − x11)ξ2 + x11, (A.4)
x2(ξ1, ξ2) = (x
2
2 − x12)ξ1 + (x32 − x12)ξ2 + x12, (A.5)
x3(ξ1, ξ2) = (x
2
3 − x13)ξ1 + (x33 − x13)ξ2 + x13, (A.6)
where xij refers to vector component j of node i in the 3-node triangular FE. Similar,
the coordinates in the reference configuration Ω0 were expressed as a function of
the natural coordinates ξ1 and ξ2 as
X1(ξ1, ξ2) = (X
2
1 −X11 )ξ1 + (X31 −X11 )ξ2 +X11 , (A.7)
X2(ξ1, ξ2) = (X
2
2 −X12 )ξ1 + (X32 −X12 )ξ2 +X12 , (A.8)
X3(ξ1, ξ2) = (X
2
3 −X13 )ξ1 + (X33 −X13 )ξ2 +X13 , (A.9)
where X ij refers to vector component j of node i in the 3-node triangular FE.
Utilizing the customary identification of the curviliniear coordinates with the ele-
ment coordinates, the covariant base vectors in both configurations were obtained
from the partial derivatives of the position vectors with respect to the curvilinear
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Figure A.1: Standard isoparametric mapping concept of the deformation between the
simplex ΩM, the reference configuration Ω0 and the current configuration Ω induced





































The system of partial derivatives describing the isoparametric mapping concept of

























































where j′ and J′ denote the non-invertible transformation matrices and F is the
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were introduced in the current and reference configuration, respectively, facilitating






























































The rearrangement of (A.18) to express the deformation gradient tensor F provided

























































Finally, the cardiac deformation was quantified using the Green-Lagrange strain
tensor E introduced in (3.31). The deformation gradient tensor F and the Green-
Lagrange strain tensor E were constant throughout the 3-node triangular FE due
to the linear Lagrangian shape function Ni(ξ).
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